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Abstract

When measuring characteristies such as
mastery of course, clinical diagnesis or
patient satisfaction, the reliability
needs to be assessed. The raw agreement
index and kappa index are two important
indices among the reliability indices.

The estimates of these two indices could
be obtained based on the distribution
which the data follow. This paper
discusses the estimation of these
reliability indices and their wvariances
based on the beta-binomial distribution so
that the inference for the indices could
be made.

To complete the computation, this paper
also discusses an efficient algorithm to
obtain the partial derivatives of the
univariate and bivariate beta-binomial
density functions with respect to their
parameters. The results in the computation
could be obtained using SAS functions and
codes.

1. Introduction

When we wish to measure characteristics
such as mastery of course, clinical
diagnosis or patient satisfaction, we
usually develop a scale or test that is
composed of variety of related items. The
responses to each of the items could be
graded and summed, resulting in a score
for each case or respondent. Then a
criterion-standard may be used to classify
the respondents in two or more categories.

The reliability would be most appro-
priately viewed as classification
consistency across repeated test adminis-
trations using the same form or two
equivalent forms. The consistency may be
quantified by the raw agreement index p
which expresses the proportion of respondents
classified in the same category by both
testing. Moreover, another index, k
coefficient, could express the extent of
improvement in classification consistency
which is reflected by the dependency between
two equivalent sets of data.

The estimates of these two indices could be
ocbtained based on the distribution which the
test scoresg follow. Huynh (1978) proposed
that the test scoxes on cne form followed a
beta-binomial model and test scores on both
forms distribute jeintly as a bivariate beta-

binomial distribution.

2. Beta-binomial density functions and
their derivatives

Let X be the test score ocbtained by
administering an n-item test to each
respondent in the population and follow the
univariate beta-binomial distribution with
parameters &« and B. The density function of
the beta-binomial distribution is

£(x) =(Z)B(a+x,n+ﬁ—x) /B(a,B).(2.1)

Let X and Y be the test scores obtained by
administering two egquivalent n-item tests to
each respondent in the population and follow
the bivariate beta-binomial distribution with
parameters o and 8. The density function of
the bivariate beta-binomial distribution is

| 2|2 Bla+x+y, 2n+f-x-y)
f(x) (x)(y] Bla, B) . {2.2)

Using the relation between the Beta
function and Gamma function

Bla,B) = F{a)I'(B)

T(a+p) (2.3)

the density functions in (2.1) and (2.2)
could be rewritten as

BT {(e+B)I'(a+x) T (n+f-x)
ix) () T (o) T(p) T (measp) 2%

and

£(x, ) =[§)@]F(a+ﬁ)r(a+x+y)
I'2n+pf-x-y) /P(a)F(B)I‘(Zn{ZaE%) ;

To obtain the partial derivatives of the
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to the

density functions with respect
parameters @ and 8, we may use the following

inductive formulas:
o n+P-i
f(O) = E m:‘i' (2.6)
and
- (n-x) (e+x)
fx+1) £{x) Ger1) (avP-x-17 °
x=0,1,...,n-1; (2.7)
£(0,0) = ﬁ_ﬂ'ﬂ_’:’:—
’ i1 2n+e+P-1
= f(O)R (2.8)
7 2n+P-i
where R g Smva i
and
- (n-x) (e+x+y)
£x+1,y)=f(x,¥) 1) (2n+ﬂ—x—y—1)
x=0,1, ., n=-1 v=0, Lonr; (2.9)

we have the following

Therefore,
recurrence approach to obtain the
derivatives with respect to o:

0£(0) -1
=£(0 —_— (2.10
oo )JZ; n+e+f-i ( )
of (x+1) _ n-x
oo (x+1) (n+P-x-1)

OL(X) \r(x)]; (2.11)
da

[ (e+x)

9£(0.,0) . o;9£(0)
da = Rl
+f(o)2 n+a+(3 71 (2.12)

i=1

and

(2.13)

of (x+1,y) _
____7;;"——- C(}d.Rubth)
. af(xa,y+l) = C(y)R, &%, ¥) (2.14)
o
where
c(t) = ’;;f
1

R, Y) = g

[af(g:a.y) (@+x+y) +£{x,¥)].(2.15)
recurrence

We also have the similar
approach to the partial derivatives with

respect to &:

3f(0) _

op
= a-21
L)Y e p-1) oo 210

and

Af (x+1) _ (n-x) (a+x)
af(ags (x+1) (n+P-x-1)
X) _ 1 ,
{ ETd n+[3—x—1f(X)]' {2.17)
9£(0,0) _ af(0)
T R[—ap
n
o
+f(0)§ Zrraip=D Gap-D) 1(2.18)
and
Of (x+1,y) _~
— C{x) Ry &, ¥} (2.19)
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of (x, y+1)

where
_ n-t
c(e) = t+2(|.' )
_ a+xX+y
Ry &, y) 2n+P-x-y-1
[8L(x, v} | £lx¥) | (3. 21)
3B 2n+P-x-y-1"°

3. Estimation of p and k and their
standard errors

Assuming that the responses would be
classified into 1 categories defined
by 1- 1 integers C;, i=1,2,...,1-1 with
0<Ci<...<Cy,«n, the raw agreement index
could be obtained as

1 Ci-1

p=Y 1Y flx»] (3.1)
1

i= X, ¥=Cs

Here C, = 0 and C,;, = n+l. The lower limit
for classification consistency is given as

1 c;-1

Pe=Y I Y £(x)]2 (3.2)

i=1  x=Cj,

Then the kappa index would be obtained as

k = (p-po) / (1-p) (3.3)

To estimate p and k, we first need to
obtain the moment estimates a and $ as
follows:

& = (-1+1/8,)%  (3.4)

and

B = -&+n/8&,,-n (3.5)

where

s _ D _X{n-x)
Epn=——7 {21 Py ), (3.6)

here x and s are the mean and standard
error of the test scores of the
respondents.

As for the asymptotic sampling
distribution of thee estimates, we haw
the following result that vVm ( &-a, B£-R8)
asymptotically follows a bivariate normal
distribution with zero mean and covariance
matrix £ = A "}, when m, sample size, is large

encugh,
where
a,.,.a
A=[ 11 12];
ay,855
= . 3f(x)
a,=) [=—=21%/f(x)
11 ;; aa
a12=a21=20 3%(:’) a%&}x) /£(x)

2:27), [_az;(ﬁx) 12/£(x) . (3.7)

Moreover we have the following result that
when m, sample size, is large enough, Vm(p -
p.k - k) asymptotically follow a bivariate
normal distribution with 2zero mean and
covariance matrix

(Var(p) C'OV(p,K))
. (3.8)
Cov{p,x) var (x)

and
Q=080. (3.9)
where
dp op
do. Jf
/=
d 3 ox . {(3.10)

4, Discussion

Now we could make inference on p and k
using their estimates and estimated
standard errors. All the approach could be
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accomplished by SAS functions and codes.

As illustrated abowve, the estimates of p
and k could be obtained directly from SAS
GAMMA function. Then, the recurrence
approach to compute the derivatives of the
beta-binomial density function with
respect to their parameters cculd be
completed by repeatedly using SAS programs.
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