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Abstract. Most tests for detecting changes in the 
mean usually assume that the errors in the data are 
independently distributed. However, in practical 
applications, the errors in the data are often 
correlated, e. g., time series data. yet, little were 
discussed in the literature on detecting changes in 
the mean when the errors are, in fact, correlated. 
Here, proposed is a test to detect changes in the 
mean of the correlated data. A mean-change model 
with autocorrelated errors is fonnulated. An 
iterative scheme is constructed to estimate the 
change-point. The Illinois traffic data set is used to 
illustrate the proposed test. To facilitate the use of 
the proposed test, a SAS Macro which implements 
the proposed algorithm is also made available. 
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1. INTRODUCTION 
Change-point problem has arisen originally from 

the quality control of industrial production, where 
the output of a production process is monitored 
sequentially and wants to detect any departUre of 
the average output from some specified target value. 
When the observational errors are independently 
and identically distributed, sequential test for the 
detection of change in the mean was first proposed 
by Page ([9, 10]) and then quasi-Bayesian test by 
Chernoff and Zacks ([2]), Kander and Zacks ([6D, 
Gardner ([4 D, Sen and Srivastava ([ 13, 14]). It was 
followed by likelihood ratio test (Hinkley [5]) and 
nonparametric test (Bhattacharyya-Johnson [1]; 
Pettitt [11]; Schechtman [12]; Wolfe-Schechtman 
[16]). However, in many practical applications, the 
data are often collected sequentially in time. In such 
a case, the errors in the data are likely to be serially 
correlated. Yet little work was done to detect 
changein the mean when the observational errors 
are correlated. 

It is the aim of this note to propose an 
iterative algorithm based on a combination of 
Cochrane-Orcutt's autoregressive transfonnation and 
the maximum likelihood principle for an estimation 
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of the change-point when observational errors are 
assumed to follow a first-order autoregressive 
process. In Section 2, by conditioning on the known 
autocorrelation parameter, an iterative algorithm is 
proposed for the calculation of the change-point. 
Also, a test is given for testing the null hypothesis 
of no change-point versus the alternative hypothesis 
of having a single change-point. An application of 
the proposed test to the Illinois traffic data sets is 
presented in Section 3. Concluding remarks are 
given in Section 4. 

2. A TEST , 
Assume that a sequence of the observations x" 

XZ,.... x" are collected over time and the 
observational error follows a first-order 
autoregressive (or Markovian) process. Suppose that 
at the unknown time point there is an abrupt change 
in the mean of the observations. Our goal is to 
estimate the unknown time at which the change in 
the mean has occurred. 

It follows that the observations X" Xl"'" x" 
satisfy 

III + e" t = I, ... , k-I, (2.la) 
X, = { 

Ilz + e" t = k, .... , n, (2.lb) 
and e, is Markovian error of the following fonn: 

e, = Pe,., + e" t = 2,. •. , n, Ipi < 1, P ¢ 0, 
(2.1c) 

where the e;s are independent identically nonnal 
distributed with E(ej = 0 and E(e/) = 0 2

, all the 
parameters Il" III (Il, .. IlJ, P, 0, and k are 
unknown. In practical applications, k, called the 
change-point for the mean-change model (2.1a-c), is 
often unknown and has to be estimated from the 
data. 

To estimate the parameters loll and Ilz by the 
principle of maximum likelihood, we need to first 
apply the autoregressive transfonnation (Cochrane 
and Orcutt [3D given by 

Y. = x, - PX,.I' (2.2) 
to (2.la-b). It follows that (2.la-b) can be rewritten 
as: 

y. = w, + e., t = 2, ... , k-l, 
Yk = 112 - Pil, + ek, 

y. = W 2 + e" t = k+l, ... , n, 
where w, and W2 are defined by 

(2.3 a) 
(2.3b) 
(2.3 c) 

w, = (1 - P )Il,. (2.4a) 
Wz = {l - P )Ilz' (2.4b) 

Next the estimator for the unknown III and I'z 
can be obtained by minimizing the negative 
logarithm ouonnal likelihood function given by 

Minimi1$..L.-z. k.1 (y. - ~y + (Yk - 112 + P I' Ii + 
L .... +I •• (y. - wz) (2.5) 



where w, and W 1 are given, respectively, by (2.<\a. 
b). By conditioning on that k = K and p = rare 
given, let III and III be the solution to the 
minimization problem of (2.5). Thus, I't and 1'1 
satisfY the following equations which are obtained 
by setting the partial derivatives of the objective 
function in (2.5) with respect to Il, and III equal to 
zero: 
[(K-2XI-r)1 + r]I'1 - rl'. = (l-r)(Lt-2.K., yJ 

- ryK (2.6a) 
- rl't + [(n-KXI-ri + llill = (l-rXL.-K+t .• yJ 

+ YK (2.6b) 
By using the method of determinant in solving 
system of linear equations (Strang [15]), a closed 
form solution for (2.6a-b )t' given by 

At = {[(n-K)(I-rf + 1]( t-2. K.I yJ -
r(1-rXn-K)YK + r .. K+'. n y,}ID, (2.7a) 

and 
III = {[(K-2XI-rl + rl(L .. K+, .• yJ + 

(K-2)(I-r)YK + rLt-2. K.' Yt}ID, (2.7b) 
where D is given by 

D = (l-r)[(K-IXn-K)r - 2(K-2)(n-K)r 
+ (K-2)(n-K-I)]. (2.7c) 

Let S(K) '" RSS(K I A"tl.,r) be the corresponding 
residual sum of squares of (2.5) and the optimal 
estimate of change-point, R. is obtained from 

S(R) = minl_., {S(K)}. (2.8) 
Once the value of R is found, the mean square error 
associated with (2.la-c) is calculated as 

MSE = S(R)I(n-4), (2.9) 
where the degrees of freedom is n-4 since two 
linear parameters, I' I and 1'., and two nonlinear 
parameters, k and p. have been estimated. Let S(n) 
be the residual sum of squares of (2.S) having no 
change-point. Then, a testing statistic F given by 

F = (S(n) - S(R»)lMSE, (2.10) 
is used to test the null hypothesis of no change­
point versus the alternative hypothesis of having a 
single change-point, where MSE is given by (2.9). 
Note that the sampling distribution of F of (2.10) is 
approximately distributed as a Fisher's F­
distribution with degrees of freedom 1 and n-4, 
respectively. 

An iterative algorithm to implement the above 
method is described as follows: 
Step 1. Set r = O. Let the optimal solutions to (2.5) 

... be denoted by il, and ill corresponding to R which 
is obtained from (2.8). In this initial case, note that 
, instead of using (2.7a-b), Il' and ill are given, 
respectively, b~ 

il, = L .. ,. t., X/(R-I) , (2.l1a) 
and 

III = Lt-k.. X;(n -K). (2. 11 b) 
Step 2. Compute the residual Et defmed by 
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y, - (I - r)ilt. t = 1, •.• .K-I, (2. 12a) 
Et ={ Yk - ill + ril" t =R, (2.12b) 

y, - (I - r)~2' t = R+ 1 ••..• n, (2.12c) 
where Y,'s are defined by (2.3a-c) with p = r. 
Step 3. To determine whether the residuals E, of 
(2.12a-c) are independent or not plot the residuals 
against time and judge from the plot. If the 
independence assumption of (2.12a-c) is satisfied, 
stop. Otherwise, go to Step 4. 
Step 4. Compute the maximum likelihood estimator 
for p ~ned by 

r = .Lt-2. n E,Et./(Lt-2. nE,'). (2.13) 
Step S. Set P = r. Let the optimal solutions to (2.5) 
in which K is obtained from (2.8) be denoted by !it 
and Al' Go to Step 2. 

Remark. In Step 3, if the sample size is too small, 
it is difficult to judge the validity of independence 
assumption from the residual plot. In this case, it is 
probably better to apply the run test to the residuals 
(Madansky[7]). 

A SAS Macro program to implement the above 
algorithm will be available upon request .. 

3. APPLICATION 
To illustrate the proposed test, the Illinois traffic 

data sets including deaths, injuries, accidents, and 
death rates, taken from Sen and Srivastava ([14]), is 
used as an example. A plot of the data points 
clearly shows that the mean of all four data sets 
appears to have changed (Figures are not shown 
here). By using the algorithm described in Section 
2. the computation stops after one iteration for all 
four data sets since the residual plot has already 
satisfied the independence assumption. The 
estimated change-points K and the autocorrelation 
coefficients r for all four data sets are given in 
Table 1. The 95% confidence interval (C.I.) for K is 
calculated by choosing those K such that the 
corresponding value of (S(K) - S(K»IMSE is less 
than the critical value ofF,~ (Table I). All the 
estimated change-points are significant at the level 
of significance less than 0.01, namely, the null 
hypothesis of having no change-point is rejected for 
all four traffic data sets. It is interesting to note that 
the estimated autocorrelation coefficients for all 
four data sets are zero. However, should the 
change-point model not be used, the estimates of 
autocorrelation coefficient for the data of deaths, 
injuries, accidents and death rates are 0.6, 0.65, 0.73 
and 0.67, respectively, which are clearly spurious. 

Incidentally, our results here are different from 
the results of Sen and Srivastava. This is because 
what Sen and Srivastava considered is the rate of 



clwtge in the data rather than the original data 

Table 1. The estimated change-points and 
autocorrelation coefficients 

Data set Ie r F-value 
(95% Cl.) of (2.10) 

Dea1IIs 1965 (1963-65) 0.0 17.4 
(hundreds) 

Injuries 1964 (1963-65) 0.0 26.1 
(thousands) 

Accidents 1964 (1963-68) 0.0 14.5 
(thousands) 

Death rate 1969 (1967-69) 0.0 25.8 
(per 10' 
vehicle 
miles) 

4. CONCLUDING REMARKS 
A test is proposed for detecting a change in the 

mean of the autocmlated data. It seems to work 
quite well on the Illinois traffic data sets. Should 
the change-point model not be applied to fit the 
Illinois traffic data sets, the spurious estimate for 
the autocorrelation coefficient would occur as a 
result. Although the formulation in Section 2 only 
consider a single change-pOint, it can, in principle, 
be used in handling more than one change-point 
case. All we have to do is to use the proposed test 
to find the most significant change-point first, and 
then use the obtained change-point to divide the 
data set into two separate subsets. Then, apply the 
proposed test separately to each of the subsets. By 
repeating this process as long as necessary, we will 
be able to find all change-points contained in the 
data. Finally, although only autoregressive process 
of order one, AR(l), is considered, other time series 
processes like ARIMA(p,d,q) can also be used to 
model the correlated errors (Mills (8]), which is, 
however, beyond the scope of this paper. 
Nevertheless, AR(l) is the simplest plausible 
scheme to model the errors of autocorrelated 
observations, and can usually serve as a good 
approximation to other more complex ARIMA 
processes. 
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