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Abstract. Most tests for detecting changes in the
mean usually assume that the errors in the data are
independently distributed. However, in practical
applications, the errors in the data are often
correlated, e. g., time series data. Yet, little were
discussed in the literature on detecting changes in
the mean when the errors are, in fact, correlated.
Here, proposed is a test to detect changes in the
mean of the correlated data. A mean-change model
with autocorretated errors is formulated. An
iterative scheme is constructed to estimate the
change-point. The Illinois traffic data set is used to
illustrate the propased test. To facilitate the nse of
the proposed test, a SAS Macro which implements
the proposed algorithm is also made available.
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1. INTRODUCTION

Change-point problem has arisen originally from
the quality control of industrial production, where
the output of a production process is monitored
sequentially and wants to detect any departure of
the average output from some specified target value.
When the observational errors are independently
and identically distributed, sequential test for the
detection of change in the mean was first proposed
by Page ([9, 10]) and then quasi-Bayesian test by
Chemoff and Zacks ([2]), Kander and Zacks ([6]),
Gardner ([4]), Sen and Srivastava ({13, 14]). It was
followed by likelihood ratio test (Hinkley [5]) and
nonparametric test (Bhattacharyya-Johnson [1];
Pertitt [11]; Schechtman [12]; Wolfe-Schechtman
[16]). However, in many practical applications, the
data are often collected sequentially in time. In such
a case, the errors in the data are likely to be serially
correlated, Yet little work was done to detect
changein the mean when the observational errors
are correlated.

It is the aim of this note to propose an
iterative algorithm based on a combination of
Cochrane-Orcutt’s autoregressive transformation and
the maximum likelihood principle for an estimation
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of the change-point when observational errors are
assumed to follow a first-order autoregressive
process. In Section 2, by conditioning on the known
autocorrelation parameter, an iterative aigorithm is
proposed for the calculation of the change-point.
Also, a test is given for testing the null hypothesis
of no change-point versus the alternative hypothesis
of having a single change-point. An application of
the proposed test to the Illinois traffic data sets is
presented in Section 3. Concluding remarks are
given in Section 4.

2. A TEST ,

Assume that a sequence of the observations x,,
Xps-y X, are collected over time and the
observational error follows a first-order
autoregressive {(or Markovian) process. Suppose that
at the unknown time point there is an abrupt change
in the mean of the observations. Qur goal is to
estimate the unknown time at which the change in
the mean has occurred.

It follows that the observations x,, Xy, X,
satisfy '
u,+e, t=1, .., kl, .1a)

x={
B, +e, t=k ..., n, (2.1b)
and e, is Markovian error of the following form:
e=pe,+e,t=2.,0lp/<L,p=0,

(2.1c)
where the s are independent identically normal
distributed with E(e,) = 0 and E(e®) = ¢, all the
parameters p,, g, (b, * Ba), p, 0, and k are
unknown. In practical applications, k, called the
change-point for the mean-change model (2.1a-), is
often unknown and has to be estimated from the
data.

To estimate the parameters p, and g, by the
principle of maximum likelihood, we need to first
apply the autoregressive transformation (Cochrane
and Orcutt [3]) given by

Yi =X = PXeps @2
to (2.1a-b). It follows that (2.1a-b) can be rewritten
as:

V=W, +eg, t=2, ., kI, (2.33)

Ve = Hy- Py T &, (2.3b)

Ye=w,+¢&, t=k+l, (2.3¢)
where w, and w, are defined by

wy =(1-plK, (2.43)

w, =(1 - p)K,. (2.4b)

Next the estimator for the unknown u, and .,
can be obtained by minimizing the negative
logarithm o%ormal likelihood function given by

Minimig: w2kt Ve = WP+ (- Byt pu )+

=i+, 0 (Yt - wz)z (25)



where w, and w, are given, respectively, by (2.4a-
b). By conditioning on that k = K and p =r are
given, let p, and u, be the solution to the
minimization problem of (2.5). Thus, 1, and i,
satisfy the following equations which are obtained
by setting the partial derivatives of the objective
function in (2.5) with respect to 4, and p, equal to
2610: -

[(K-2)(1-0% + Pl - Ty = (1) (g xa Y0

- 1Yy (2.63)
<1y + (KR + g = (1o, o ¥
| * ¥ (2.6b)

By using the method of determinant in solving
system of linear equations (Strang [15]), a closed
form solution for (2.6a-b)_ig given by

B, = {[@-K)(1-1f + (e, k1 Y0 -

t(A-0)n-K)yy + rdumg o Y30, (2.72)
and
ﬁz = {[(K'Z)(l'r)z +7 =K+i, o Y:) +
(K-2)(1-0yg + 12eey k1 Y/Dy  (2-7D)
where D is given by
D = (1-D{(K-1)n-K)r* - 2(K-2)(n-K)r
+ (K-2)(n-K-1)]. (2.7¢)

Let S(K) = RSS(K | 11,4 ,0) be the corresponding
residual sum of squares of (2.5) and the optimal
estimate of change-point, K, is obtained from

S(K) = min,geq, {S(K)}- 2.8
Once the value of k is found, the mean square error
associated with (2.1a-c) is calculated as

MSE = S(k)/(n-4), (2.9)
where the degrees of freedom is n-4 since two
linear parameters, &, and i, and two nonlinear
parameters, k and p, have been estimated. Let S(n)
be the residual sum of squares of (2.5) having no
change-point. Then, a testing statistic F given by

F = (S(n) - S(K)YMSE, (2.10)
is used to test the null hypothesis of no change-
point versus the alternative hypothesis of having a
single change-point, where MSE is given by (2.9).
Note that the sampling distribution of F of (2.10) is
approximately distributed as a Fisher’s F-
distribution with degrees of freedom 1 and n-4,
respectively.

An iterative algorithm to implement the above
method is described as foilows:
Step 1. Set r = 0. Let the optimal solutions to (2.5)

“ be denoted by ji, and {1, corresponding to kK which

is obtained from (2.8). In this initial case, note that
, instead of using (2.72-b), &, and {3, are given,

respectively, bt

i = Lk X/(R-1) (2.11a)
and

gy = Em x/(n -K). (2.11b)

Step 2. Compute the residual &, defined by
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Y= (1= Dby t = Luokel, (2-123)
ég ={ Y- |12 Friy, T zk, (2'12b)
v, - (1 - N, t=k+1,.., 0, (2.12¢)

where y.’s are defined by (2.3a-¢) with p =r.
Step 3. To determine whether the residuals €, of
(2.12a-¢) are independent or not plot the residuals
against time and judge from the piot. If the
independence assumption of (2.12a-c) is satisfied,
stop. Otherwise, go to Step 4.
Step 4. Compute the maximum likelihood estimator
for p ned by

£= 2oy o B/ (e 1) (2.13)
Step 5. Set p =r. Let the optimal solutions to (2.5)
in which k is obtained from (2.8) be denoted by (i,
and ji,. Go to Step 2.

Remark. In Step 3, if the sample size is too small,
it is difficult to judge the validity of independence
assumption from the residual plot. In this case, it is
probably better to apply the run test to the residuals
(Madansky[7]).

A SAS Macro program to implement the above
algorithm will be available upon request..

3. APPLICATION

To illustrate the proposed test, the illinois traffic
data sets including deaths, injuries, accidents, and
death rates, taken from Sen and Srivastava ([14]), is
used as an example. A plot of the data points
clearly shows that the mean of all four data sets
appears to have changed (Figures are not shown
here). By using the algorithm described in Section
2, the computation stops after one iteration for all
four data sets since the residual plot has already
satisfied the independence assumption. The
estimated change-points k and the autocorrelation
coefficients r for all four data sets are given in
Table 1. The 95% confidence interval (C.1.) for K is
calculated by choosing those K such that the
corresponding value of (S(K) - S(R)/MSE is less
than the critical value of F,,_, (Table 1). All the
estimated change-points are significant at the ievel
of significance less than 0.01, namely, the null
hypothesis of having no change-point is rejected for
ail four traffic data sets. It is interesting to note that
the estimated autocorrelation coefficients for all
four data sets are zero. However, should the
change-point model not be used, the estimates of
autocorrelation coefficient for the data of deaths,
injuries, accidents and death rates are 0.6, 0.65, 0.73
and 0.67, respectively, which are clearly spurious.

Incidentally, our results here are different from
the results of Sen and Srivastava. This is because
what Sen and Srivastava considered is the rate of



change in the data rather than the original data.

Table 1. The estimated change-points and
autocorrelation coefficients

Data set k r F-vaiue
(95% Cl) of (2.10)
Deaths 1965 (1963-65) 0.0 17.4
{hundreds)
Injuries 1964 (1963-63) 0.0 26.1
(thousands)
-l
Accidents 1964 (1953-68) 0.0 14.5
(thousands)
Death rate 1969 (1967-69) 0.0 258
{per 10?
vehicle
miles)

4. CONCLUDING REMARKS

A test is proposed for detecring a change in the
mean of the autocrrelated data. It seems t¢ work
quite well on the Illinois traffic data sets. Should
the change-point model not be applied to fit the
IHinois traffic data sets, the spurious estimate for
the autocorrelation coefficient would occur as a2
resuft. Although the formulation in Section 2 only
consider a single change-point, it can, in principle,
be used in handling more than one change-point
case. All we have to do is to use the proposed test
to find the most significant change-point first, and
then use the obtained change-point to divide the
data set into two separate subsets. Then, apply the
proposed test separately to each of the subsets. By
repeating this process as long as necessary, we will
be able to find all change-points contained in the
data. Finally, although only autoregressive process
of order one, AR(1), is considered, other time series
processes like ARIMA(p,d.q) can also be used to
mode] the correlated errors (Mills [8]), which is,
however, beyond the scope of this paper.
Nevertheless, AR(1) is the simplest plausible
scheme to model the errors of autocorrelated
observations, and can usually serve as a good
approximation to other more complex ARIMA
processes.
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