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Abstract 
Exact nonparametric methods have an advantage over 
asymptotic methods since they remain valid for very small 
sample sizes, as well as for data that are sparse, skewed, or 
heavily tied. However, computing exact p-values by direct 
enumeration can be very time-consuming, and may be in­
feasible for many problems. Over the past few years, many 
new algorithms for exact computations have been pub­
lished. Beginning with Release 6.11 of the SAS~ System, 
exact p-values are avatlable in the NPAR1WAY procedure. 
This procedure uses Mehta and Patel's network algorithm, 
substantially reducing the computational effort required. 

The NPAR1WAY procedure computes exact p-values for 
the simple linear rank statistics based on Wilcoxon scores, 
median scores, Van der Waerden scores, and Savage 
scores. Exact p-values are computed for these statistics 
when the data are classified into two levels (two-sample 
tests), and when the data are classified into more than 
two levels (multi-sample tests). For the two-sample case, 
the simple linear rank statistics listed above correspond to 
the Wilcoxon-Mann-Whitney, Median, Van der Waerden, 
and Savage tests, respectively. For the multi-sample case, 
the NPAR1WAY procedure gives exact p-values for the 
Kruskal-Wallis, Brown-Mood, k-sample Van der Waerden, 
and k-sample Savage tests. 

Introduction 

Many clinical trials deal with the comparison of popula­
tions of subjects whose responses are largely categorical 
in nature. Historically, statistical inference for such studies 
involved large-sample approximations. However, sample 
sizes for these studies are not always large enough to 
justify the use of asymptotic methods. Also, the asymp­
totic methods may be inadequate when data are sparse, 
skewed. or heavily tied. Exact inference remains valid in 
such situations and, hence, is a preferred approach. 

R. A. FISher (1934) introduced conditional exact methods 
for small samples. This approach eliminates nuisance 
parameters by conditioning on functions of the observed 
values. Exact nonparametric methods are most commonly 
based on this approach. 

Nonparametric methods are also known as distribution-free 
methods since they do not assume an underlying para­
metric distribution (such as normal) for the data These 
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methods are particularly useful when the underlying distri­
bution is nonstandard or unknown, or when data consist 
of ranks (and not values) of random variables. The next 
section discusses some nonparametric tests offered in the 
NPAR1WAY procedure. The sections that follow descnbe 
the new EXACT statement in the NPAR1WAY procedure 
and the exact p-value computations and illustrate their ap­
plications with examples derived from clinical trials. 

The EXACT statement is also available in the NPAR1WAY 
procedure in Release 6.09E of the SAS System for main­
frames and minicomputers. 

Nonparametrlc Tests 

This section briefly reviews test statistics for nonparametric 
tests based on ranks. For details on these and other tests, 
refer to Hollander and WoHe (1973), Hajek (1969) and 
"Simple Linear Rank Statistics" in the SASISTA 7'1' /J$er's 
Guide under the NPAR1WAYprocedure. 

Suppose the data consist of N observations that are clas­
sified into two levels: 111 observations in the first population 
with distribution function Fl and 112 observations in the 
second population with distribution function Fa. 

The aim is to compare the two distributions for a shift in 
location. In other words, to test the hypothesis 
Ho: Fl(W) = Fa(w) for all wvs 
HI: Fl(W - 8) = F2(w) for all w, orvs 
H2: Fl (10 + 8) = F2( w) for aU w, for an arbitrary shift 
parameter 9 

Consider a random sample from each of the two popu­
lations: Xl"",X"1 and y" ••• ,y .... To perform these 
nonparametric tests, combine and arrange these N obser­
vations in an increasing order and assign rank R, to the jth 
observation. If k observations are tied at a value, assign the 
mean of k consecutive ranks to each observation. 

Assign scores Wj to the observations based on these ranks, 
and compute a statistic using these scores. In the case 
of two-sample tests, the statistic has a linear form and is 
computed as 

N 

S = LCjWj 

j=1 

where C j is an indicator denoting the class ( 0 or 1 ) to which 
the jth observation belongs. 



Wllcoxon-Mann-Whitney Scores 
These scores are the ranks assigned to the obselVations 
using the method described above. 

Wi=Ri 

These scores are used to test for location shifts in logistic 
distributions. 

Median Scores 
These scores are 1 for points above the median, 0 other-
wise. 

10; = { ~ ifR;>(N+1)/2 
otherwise 

Median scores are used with double exponential distnbu­
tions. 

Van dar Waerden Scores 
These scores are approximations of the expected values of 
the order statistics for a normal distribution. 

W; = ~-'(Ri/(N + 1» 
where ~ is the distribution function for normal distribution. 
These scores are used with normal distributions. 

Savage Scores 
These scores are expected values of order statistics for 
the exponential distribution, with 1 subtracted to center the 
scores around O. 

Savage scores are used to compare scale differences in 
exponential distributions or location shifts in extreme value 
distributions. 

In the case of multi-sample tests, the statistic is of a dif­
ferent form (not linear). Suppose the data consist of N 
obselVations, and they are classified into k > 2 levels with 
Il; obselVations in level i. Let Xi; denote the jth obselVed 
value in the ith level. 

To test the null hypothesis that the underlying distributions 
are the same for all levels against an altemative that not 
all distributions are the same, rank all the N obselVations 
in increasing order and assign ranks as described in the 
two-sample case. Let R.; be the rank of X.;. 

Kruskal-Wallis Statistic 
This statistic has the form 

( 
12 ~~) 

S= N(N+1)~-;; -3{N+1) .. , 
where Rt = E;!, Rtj is the sum of ranks for the ith level. 

Other multi-sample scores are similar to their two-sample 
equivalent scores. For details, refer to Hajek (1969). 
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Algorithms for Exact Nonparametrlc Tests 

Several algorithms have been published for computation of 
exact p-values. Agresti (1992) reviews these algorithms in 
detail. Algorithms based on direct enumeration can be very 
time-consuming and are feasible only for small problems. 
An algorithm, known as the network algorithm, developed 
by Mehta and Patel (1983) provides a substantial advantage 
over direct enumeration. It requires significantly less time 
1Dr computations than the direct enumeration methods, as 
shown by Mehta and Patel (1983) and Mahta et aI. (1984, 
1991). The network algorithm has been applied to several 
problems, as discussed by Mehta and Patel (1983, 1986), 
Mehta et aI. (1984, 1985, 1991), Hirji et al. (1987), and 
Agresti et al. (1990). The NPAR1WAY procedure uses the 
network algorithm as described in Mehta and Patel (1983), 
Mehta et al. (1984, 1991), and Agresti et aI. (1990). It also 
uses bounds described in Vaiz and Thompson (1994). 

The EXACT Statement 

The NPAR1WAY procedure can be invoked using the fol­
lowing statements: 

PROC NPAR1WAY <options>; 
CLASS variable; 
VAR variable; 
EXACT <options>; 

ThePROCNPAR1WAYstatementinvokestheNPAR1WAY 
procedure and optionally identifies a data set or requests 
particular analyses. The keywords WILCOXON, MEDIAN, 
VW and SAVAGE can be used to compute linear rank 
statistics based on Wilcoxon scores, Median scores, Van 
der Waerden scores, and Savage scores. Asymptotic ~ 
values are computed for the tests specified in the PROC 
NPAR1WAY statement The CLASS statement specifies 
exactly one classification variable. This variable identifies 
groups in the data The VAR statement can be used to 
denote the response variable. 

The new EXACT statement specifies the statistics for which 
you want exact p-values. The keywords WILCOXON, ME­
DIAN, VW and SAVAGE specify1he scores that are used to 
compute the linear rank statistic. Exact p-values are avail­
able for these statistics when data are classified into two 
levels (two-sample tests) or more (multi-sample tests). For 
two-sample tests these keywords correspond to Wilcoxon­
Mann-Whitney, median, Van der Waerden and Savage 
scores respectively. For multi-sample tests, they corre­
spond to Kruskal-Wallis, Brown-Mood, k-sample Van der 
Waerden and k-sample Savage scores respectively. 

If no keywords are listed in the EXACT statement, then 
exact p-values are computed for all the linear rank statistics 
requested in the PROC NPAR1WAY statement. 



Exact ~yalues 

If exact analysis is requested, the NPAR1WAY procedure 
computes exact p-vaiues only when two or more levels of 
the CLASS variable are present. 

When there are two groups (the data are classified into 
two levels), the NPAA1WAY procedure gives exact one­
sided and two-sided p-values for each statistic specified 
in the EXACT statement The exact one-sided p-value 
is printed as the right-sided p-value when the statistic is 
greater than its mean. Otherwise, the left-sided p-value is 
printed. Mathematically, the right- and left-sided p-values 
can be expressed as 

PI = P(Aank Statistic 2: 5) if 5> Mean 

PI = P(Rank Statistic ~ 5) if S ~ Mean 

where 5 is the obselVed rank statistic, "Mean" is the ex­
pected value of the test statistic, and PI is the one-sided 
p-value. 

The NPAR1WAY procedure computes the two-sided ~ 
value as the sum of the one-sided ~value and the corre­
sponding area in the opposite tail of the distribution of the 
statistic, equidistant from the mean. Mathematically, the 
two-sided p-value, 1'2 can be expressed as 

1'2 = P(lRank Statistic - Meanl 2: 15 - Mean!) 

If there are more than two levels and the EXACT statement 
is specified, the NPAR1WAY procedure prints only the two­
sided p-value. (A one-sided p-value does not exist, since 
the tests are inherently two-sided.) 

Examples 

Two-Sampla Data: Wilcoxon Test 

Researchers conducted an experiment to compare the ef­
fects of two stimulants. Thirteen randomly selected subjects 
received the first stimulant, and six randomly selected sub­
jects received the second stimulant. The reaction times (in 
minutes) were measured while the subjects were under the 
influence of the stimulants. 

The following SAS statements create the data set REACT, 
which contains the obselVed reaction times for each stim­
ulant The variable STIM represents Stimulant 1 or 2. The 
variable TIME represents the reaction times obselVed for 
,jUbjects receiving one of the two stimularltS. 

at& noact, 
iDput .ta t:I.IIIa .. , 
carda, 

1. 1..94 1. 1..94 
1. 2.92 .1. 2.92 
1. 3.27 1. 3.27 
1. 3.74 2 3.27 
2 3.70 2 3.70 

1. 2.92 
1. 3.21 
1. 3.70 
2 3.21 
2 3.74 

1. 2.92 
1. 3.27 
1 3.70 
::I 3.27 

. 
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The NPAR1WAY procedure tests the null hypothesis of no 
difference between the effects of the two stimulants against 
the alternative that stimulant 1 has smaller reaction times 
than stimulant 2. The WILCOXON option specifies that 
Wilcoxon scores are to be used in the computations. The 
CLASS statement specifies that the two classes are deter­
mined by the variable STIM. The VAR statement identifies 
TIME as the response variable. The EXACT option is used 
to request exact p-values. 

1 
2 

proc DP&l'l.way wilcoxon Qat .... r .. ct' cJ..... 8tilllt 
var time, 
exact; 

l:Wl, 

Output 1. Results of the Test on Stimulants 

•• AJl.1WAT JlKOCI:DORS 

W1100z0a soon. (auk ..... ) foOl: v.~l. ftXI 
c:l __ U:1ecl ",. v.=ul. S'f'Dr 

....of . -
13 110.500000 

, ".500010 

~P-v.l .... 

130.0 11.004783' 
'0.0 11.0047136 

s. ".5DU 

l0a.-.J.4e4J lII:Ob~.. . 0.0527 
(~) hOb~. Is .. x.aal • D .. 1DS. 

--I.saaaaaa 
13 .2.5OIIn 

IIIoaa1 l;Ipzaz1 .. c:l.oz:t. hd,1:Ja CaDUmd.~y Coneot1oa of: .. 5) 
s. 1.72152 P:o.b :. 1%1 • a .. IU3 

""'fMc. AIIPZOZ. S1p.1fiauce • 0 .. 10140 

K:ukal-wa111.""~ (Cbi-Squan A;!pE'O:lldaat:.1a, 
CIa8Q. 3.13.' Dr. 1 ~ :. <:USQ • I .. DT" 

Output 1 displays the results of testing the null hypothesis. 
The one-sided exact p-value of 0.0527 is not signifICant at 
the or = 0.05 level. However, the normal approximation 
yields a one-sided p-value of 0.0422 (this is half of the 
p-value shown in Output 1 since the normal distribution is 
symmetric). This p-value is signiflC8.nt at the or = 0.05 level. 
ThUs, the exact p-value may result in non rejection of the 
null hypothesis at the 0.05 level of significance, while the 
normal approximation method may not Such discrepancies 
are likely to occur when the samples are small or data are 
sparse. 

MuJti.Sampla Data: Savage Test 

A researcher conducting a laboratory experiment randomly 
assigned fifteen mice to receive one of three drugs. The 
sUlVivai time (in days) was then recorded. 

The following SAS statements create the data set MICE, 
which contains the obselVed sUlVivai times for all the mice. 
The variable TAT denotes the treatment and the variable 
DAYS denotes the number of days a mouse sUlVived after 
receiving the treatment 



data me., 
i.Dpu.t trt $ da¥e ., 
earia, 

1 1 1 113 1 3 1 4 
2 3 2 4 2 4 2 4 2 15 
3 4 3 4 3 10 3 10 3 26 

The NPAR1WAY procedure is used to test the null hypoth­
esis that there is no difference in the survival times among 
the three drugs. The SAVAGE option specifies that the 
Savage scores are to be used. The variable TAT is the 
CLASS variable, and the VAR statement specifies that the 
variable DAYS is the response variable. 

P>:o<I DP&r1way aa_ dat...me., 
el. ... trt, 
var aaya, 

rwu 

Output 2. Results of Savage Test on Multi-Sample Data 

1 
2 

• 

Daaas_ 
•• .l.Rl.~T PllOC8Dtr .. a 

.sa~ scona (b:PODDual) for ~ au 
Clau:t:f:Lecl :by vartUl.. ft!f 

-~ -- --- -- .. -- .. 
5 ·3.1",8017 0.0 1.'3451481 
5 1.015'1127 0.0 1.,,.554.' 
5 l.2723'1'0 0.0 1.'34554'7 
~ aoo:- 1FeE"e v..i fo~ ti .. 

•• 5.5'4' 

a..rt. ... val_ hob _. • a. 0441 
au .. 1tCQ&Za AW4 '_Uoa 

Dr • :z Pnb)o.. 0.01131 

1 

--
-.n35t1034 
0.0111.23'''' 
Q.""'72371 

The results of the Savage test are shown in Output 2. The 
exact p-value is 0.0445, which is signifICant at the a = 
0.05 level. However, the p-value based on the chi-square 
approximation is 0.0638, which results in nonrejection of the 
null hypothesis at a == 0.05 level. 

Two-Sample Data: Wilcoxon Test 

Fifty-nine female patients with rheumatoid arthritis who par­
ticipated in a clinical trial were assigned to two groups, 
active and placebo. The response status (excellent, good, 
moderate, fair, poor) of each patient was recorded. 

The following SAS statements create the data set ARTH, 
which contains the observed status values for all the pa­
tients. The variable TAT denotes the treatment received 
and the variable RESP denotes the response status of a 
patient. 
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data __ , 

iJlput crt $ reap freq ... 
eara-, 

Ac:t~". 1 5 Act~". 2 11 ~_ 3 5 
Ac:t~". 4 1 Ac:t~". 5 5 Pl.aeeioo 1 2 
Pl.acebo 2 4 Pl.aeebo 3 7 P1aceioo 4 7 
Placebo 5 12 

data arth, --, = ;"'1 to freq, 
output artll, 

«Ali, 
rim, 

The NPAR1 WAY procedure is used to test the nuO hypoth­
esis that there is no difference in patient response status. 
The WILCOXON option specifies that Wilcoxon scores are 
to be used in the computations. The variable TRT is the 
CLASS variable, and the VAR statement specifies that the 
variable RESP is the response variable. 

pree DP&1'lway w:L1c:ca:ozl dat .... arth, 
cl ... trt; 
var "..ap, 
ezact; 

rlml 

Output 3. Results of Wilcoxon Test on Two-Sample Data _aas_ 
.VAA1_AT pllOCKDVRI 

1ftloozoa ~ C1taDk su.lJ fo: V&z:tabl ..... 
Cl. ... Uiod I!Y vanul ....... 

-~ . -- -­_ .. ........ _ .. -­...... 
UU'ft.27 01.0 ,10.0 '3.1727 •• 1 23.0101'00 
1'1&aebo 32 11&'.0 " •• 0 " ... 727Ul 35 •• U25 •• 

s -= 'n.oaD 

I:aIR p-V&1. .... 
(aa.-....... ) ... <. S a I.DOU 
,.,.....U .. ) pzob 110. 18 ....... 1 • 0.0021 

""-'- __..aU"" (with ccmUlNity c:on.Gtioa of .51 
z • -2.'.'57 ftOb ,. lSI. 0.0032 

~-"t.~. S1ga1:flC1UG_ =- 0.00.' 

ta:u.tal-WalU. ~ (Cb1-~ AW~"oa) 
CDUaQ. a.72'~ Dr. 1 hOlt ~ QZ%SQ. a.DOIl 

The results of testing the null hypothesis are shown in 
Output 3. The p-values obtained from the exact test and 
normal approximation are 0.0028 and 0.0032, respectively. 
Both p-valuesare significant at the a = 0.01 level. In 
this case, the asymptotic p-vakJe (based on the nonnal 
approximation) is more conservative than the exact p-value. 

Computational Resources 

Although the computational algorithm is fast, the compu­
tational time for exact p-values can still be prohibitive, 



depending on the number of groups, the number of distinct 
response variables, the total sample size, and the speed 
and memory available on your computer. 

If you do not wish to wait for the exact computations to 
complete, you can terminate exact computations and exit 
to the NPAR1 WAY procedure at any time by preSSing the 
system interrupt key (refer to the SAse Companionforyour 
system) and choosing to stop computations. For example, 
you can press Con1roi-C on a Workstation or Control-Break 
on a PC to terminate exact computations. 

Note: The network algorithm, as implemented in the 
NPAR1WAY procedure, represents the scores using their 
full precision. Although it is possible to increase the speed 
of the algorithm by rounding the scores to a small number 
of decimai digits, this is not done by the procedure since it 
can result in loss of accuracy in the p-values. 

Summary 

This paper introduced the new EXACT statement in the 
NPAR1WAY procedure. This statement is available begin­
ning with Release S.11 of the SAS System, and in Release 
S.09E of the SAS Systems on mainframes and minicomput­
ers. 

This statement may be used to compute p-values for 
two-sample tests using Wilcoxon-Mann-Whitney, Median, 
Van der Waerden and Savage scores, or for multi-sample 
tests using KruskaI-Walfls, Brown-Mood, k-sample Van der 
Waerden and k-sampie Savage scores. Examples are pro­
vided to illustrate the importance of using exact, rather than 
asymptotic, p-values. 
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