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Abstract

Exact nonparametric methods have an advantage over
asymptotic methods since they remain valid for very smail
sample sizes, as well as for data that are sparse, skowed, or
heavily tied. However, computing exact p-valuies by direct
enumeration ¢an be very time-consuming, and may bae in-
teasible for many problems. Over tha past faw years, many
new aigorithms for exact computations have been pub-
lished. Beginning with Release 6.11 of the SAS? System,
exact p-values are availabie in the NPARTWAY procedure.
This pracadure usas Mehta and Patel's network algarithm,
substantially reducing the computational affort raquirad.

The NPAR1WAY procedure computes exact p-values for
the simple linear rank statistics basad on Wilcoxon scores,
median sceres, Van der Waerden scores, and Savage
scores. Exact p-values are computad for these statistics
whaen the data are classified into two levels (iwo-sample
tests), and when the data are classified inlo more than
two levels (multi-sampie tests). For the two-sample case,
the simple linear rank statistics listed above comespond to
the Wilcoxon-Mann-Whitney, Median, Van der Waerden,
and Savage tests, respactively. For the multi-sampie case,
‘the NPAR1WAY procedure gives exact p-values for the
Kruskal-Wallis, Brown-Mood, k-sample Van der Waerdan,
and k-sample Savage tests.

Introduction

Many clinical trials deal with the comparison of popula-
tions of subjects whose responses are largely categorical
in nature. Historically, statistical inference for such studies
invoived large-sample approximations. However, sampie
sizes for these studies are not always large anough to
justify the use of asymptotic methods. Also, the asymp-
totic methods may be inadequate when data are sparse,
skewed, or heavily tied. Exact inference remains vaiid in
such situations and, hence, is a preferred approach.

R. A. Fisher (1934) introduced conditional exact methods
for small samples. This approach eliminates nuisance
parameters by conditioning on functions of the observed
values, Exact nonparametric msetheds are most commoniy
based on this approach.

Nonparametric methods are also known as distribution-free
methods since they do not assume an underlying para-
metric distribution {such as normal) for the data. These
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methods are particularly usaful when the underlying distri-
bution is nonstandard or unknown, or when data consist
of ranks (and not values) of random variables. The next
section discusses some nonparametric tests offered in the
NPAR1TWAY procedure. The sections that follow describe
the new EXACT statement in the NPARTWAY procedure
and the exact p-value computations and illustrata their ap-
plications with examples derived from clinical trials.

Tha EXACT statement is aiso available in the NPARTWAY
procedure in Release 8,09E of the SAS System for main-
frames and minicomputers,

Nonparametric Tests

This saction briefly reviews test statistics for nonparamatric
tests based on ranks. Far details on these and other tasts,
refer to Hoeliander and Wolife (1973), Hajek (1969) and
“Simple Linear Rank Statistics” in the SAS/STAT® User's
Guide under the NPAR1WAY procedure,

Suppose the data consist of N obgervations that are clas-
sified into two levels: ny observations in the first population
with distribution function F; and =z observations in the
second popuiation with distribution function F».

The aim is to compare the two distributions for a shift in
location. In other words, to test the hypothesis

Hy: A(w) = Pa(w) foraliwvs

Hy: Fi(w — 8) = Fp(w)forall w, orvs

Hs: Fi(w +8) = Fa(w) for all w, for an arbitrary shiit
parameter ¢

Consider a random sample from each of the two popu-
lations: Xi,...,Xs, and Yi,...,Ys,. To perform these
nonparametric tests, combine and arrange these N cbser-
vations in an increasing order and assign rank R, to the jth
observation. If k obsarvations are tied at a value, assign the
mean of k consecutive ranks to aach cbservation.

Assign scores w; to the obsarvations based on these ranks,
and compute a statistic using these scores. in the case
of two-sampla tests, the statistic has a linear form and is

computed as
N
S= z G;W;
=1

whare c; is an indicator denoting the class ( 0 or 1 ) to which
the jth observation belongs.



Wilcoxon-Mann-Whitney Scores
These scores are the ranks assigned o the observations
using the method described above.

wy = R

These scores are used o test for location shifts in logistic
distributions.
Median Scores _
These scores are 1 for points above the median, 0 other-
wise.

; { 1 #R;j>(N+1)/2
0 otherwise

Median scores are used with double exponential distribu-
tions.

Van der Waerden Scores
These scores are approximations of the expected values of
the order statistics for a normal distribution.

w; =7 (R /(N +1))

where P is the distribution function for normal distribution.
These scores are usad with normal distributions.

Savage Scores
These scores are axpacted vaiues of order statistics for
the exponentiai distribution, with 1 subtracted ta center the
scares around Q.

R.
wy o= ,[_1—..-.-]—.1
iy Zs‘ N—~i+1
i

Savage scores are used to compare scale differences in
exponential distributions or location shifts in extreme value
distributions.

In the case of multi-sampie tests, the statistic is of a dif-
ferant form (not linear). Suppose the data consist of N
observations, and they are classified into & > 2 levels with
n; observations in level i. Let X;; denote the jth observed
value in the ith level.

Ta test the null hypothesis that the underlying distributions
are the same for all levels against an aftemative that not
all distributions are the same, rank all the N observations
in increasing order and assign ranks as described in the
two-sample case, Let Ri; be the rank of X;;,.

Kruskal-Wallis Statistic
This statistic has the form

12 R}
5= (N(N+1)2 ) 3(N +1)

where R; = 72| Ri; is the sum of ranks for the ith leval.

Other multi-sample scores are similar o their two-sample
aquivalent scores. For details, refer to Hajek (1969).
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Algorithms for Exact Nonparametric Tests

Several algorithms have been published for computation of
exact p-vaiues. Agresti (1992) reviews these algorithms in
detail. Algerithms based on direct enumeration can be very
time-consuming and are feasible only for small problems.
An aigorithm, known as the network algorithm, developed
by Mahta and Patel (1983) provides a substantial advantage
over direct enumeration. It requires significantly less time

_ for computations than the direct enumeration methods, as

gshown by Mehta and Patel (1383) and Mehta et al. (1984,
1991). The network algorithm has been applied to several
problems, as discussed by Mehta and Patel (1983, 19886),
Mehta et al. (1984, 1985, 1991}, Hiri et al. (1987), and
Agresti et al. (1990). The NPARTWAY procedure uses the
networi algorithm as described in Mehta and Patel (1983),
Mahta et 2l. (1984, 1991), and Agresti et al. (1990). It also
uses bounds described in Vaiz and Thompson (1994),

The EXACT Statement

The NPARTWAY procedure ¢an be invoked using tha fol-
lowing statements:

PROC NPARTWAY <options>;
CLASS variabie;

VAR varizble;

EXACT <options>;

Ths PROC NPAR1WAY statement invokesthe NPARTWAY
procadure and optionally identifies a data set or requests
particular analyses. The keywords WILCOXON, MEDIAN,
VW and SAVAGE can be used to compute linear rank
statistics based on Wilkoxon scores, Median scores, Van
der Waerden scores, and Savage scores. Asymptotic p-
values are computed for the tests specified in the PROC
NPARIWAY statement. The CLASS statement specifies
exactly one classification variabie. This variable identifies
groups in the data. The VAR statement can be used to
denote the responsa variable.

The new EXACT statemant spacifies the statistics for which
you want exact p-values. The keywords WILCOXON, ME-
DIAN, VW and SAVAGE specify the scores that are used 1o
compute the linear rank statistic. Exact p-values are avail-
able for these statistics when data are classified into two
leveis (two-sample tests) or more (multi-sample tests). For
two-sample tests these keywords correspond to Wilcoxon-
Mann-Whitney, median, Van der Waerden and Savage
scores respectively. For multi-sample tests, they coire-
spond to Kruskal-Wallis, Brown-Mood, k-sample Van der
Waenrden and k-sampie Savage scores respectively.

if no keywords are listed in the EXACT statement, then
exact p-values are computed for all the linear rank statistics
requastad in the PROC NPAR1WAY statement,



Exact p-values

If axact analysis is requestad, the NPAR1WAY procedura
computes exact p-values only when two or more leveis of
the CLASS variable are present.

When there are two groups (the data are classified into
two levels), the NPARTWAY procedure gives exact one-
sided and two-sided p-values for each statistic specified
in the EXACT statement. The exact one-sided p-value
is printed as the right-sided p-value when the statistic is
greater than its mean. Otherwise, the left-sided p-vailue is
printed. Mathematically, the right- and leift-sided p-values
can be expressed as

= P(Rank Statistic > 5)

p1 = P(Rank Statistic < 5) #f S <Mean
where S is the cbserved rank statistic, “Mean” is the ex-

pected value of the test statistic, and py is the ona-sided
pvalue.

The NPAR1WAY procedure computes the two-sided p-
value as the sum of the one-sided p-vaiue and the corre-
sponding area in the opposite tail of the distribution of the
statistic, equidistant from the mean. Mathematically, the
wo-sided pvalue, p; can be expressed as

f S>Mean

pe = P(|Rank Statistic — Mean| > |5 — Mean|)

If there are more than two ievels and the EXACT statament
is specified, the NPARTWAY procedure prints only the two-
sided p-value. (A one-sided p-value does not sxist, since
the tests are inherently two-sided.)

Examples
Two-Sample Data: Wilcoxon Test

Rasearchers conducted an experiment to compare the ef-
fects of two stimulants. Thirteen randomiy selected subjects
raceived the first stimulant, and six randomily selected sub-
jects received the second stimulant. The reaction times (in
minutes) were measured while the subjects were under the
influence of the stimuiants.

The fallowing SAS statements create the data set REACT,
which contains the observed reaction times for each stim-
ulant. The variable STIM represents Stimulant 1 or 2. The
variable TIME reprasents the reaction times obsarved for
jsubjects receiving one of the two stimutants.

data reasct;

input stim time @&;
cards;
1.94
2.92
3.27
3.74
3.70

B
W oW W N
BaB Y
Qoawm

CS R ERR
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The NPAR1WAY procedure tasts the null hypothesis of no
difference betwesn the effects of the two stimulants against
the atternative that stimulant ¢ has smaller reaction times
than stimuiant 2. The WILCOXON option specifies that
Wiicoxon scores are 10 be usged in the computations, The
CLASS statement specifies that the two classes are deter-
mined by the variable STIM. The VAR statement identifies
TIME as the response variable. The EXACT option is used
10 request exact p-values. _

proc nparlway wilcoxon data=react;
class stim;
var time;
exact;:

ranr

Output 1. Resuits of the Test on Stimulants

HPARIWATY PROCEDURE

Wilcoxon Scores (Rank Sume) £or Variabls 2I1ME
classified by Varisble STIN

Sum of Sxpacted std Dav Nean
ATIX B Scores Under =0 Uader RO Score
1 13 116.500000 130.0 11.0047836 8.5a00300
2 [ 79.5060400 §0.0 11.0047836 13.25000408

Avarnge Scoras Were Used for Tles

wiloozon 2-Sample Test & = 79.50Q00

fzact P-Valuas
{Cnaenided) Prob >= = = 0.0%827
(Two=sided} Prob >= IS - Mean| = 0.1054

Hormal Agprorimation (with Consizuity Corvestica of .5)
T = 1.T2652 Prob > |Z| = 0.0843

TePagt Approx. Sigpificance = 0.1014

xruskal-walliz Test (Chi-3quars Approximacicn)
CHISO = 3.13%8 ors 1 Prob » CRISQ = 0.0764

Output 1 displays the resuits of testing the nult hypothesis.
The one-sided exact p-value of 0,0527 is not significant at
the a = 0.05 level. However, the normal approximation
yialds a one-sided p-value of 0.0422 (this is half of the
pvalue shown in Output 1 since the normal distribution is
symmetric). This p-value is significant at the « = 0.05 lavel.
Thus, the exact p-value may result in nonrejection of the
nuli hypothesis at the 0.05 level of significance, while the
normal approximation method may not, Such discrapancies
are likely to occur when the samples are small or data are
sparse.

Multi-Sample Data: Savage Test

A researcher conducting a iaboratory experiment randomly
assigned fifteen mice 1o raceive ane of three dugs. The
survival time {in days) was then racorded.

The following SAS statements create the data set MICE,
which contains the observed survival imes for all the mice.
The variable TRT denotes the treatment and the variable
DAYS denates the number of days a mouse survived after
recaiving the treatment.



data mice;
input trt § days @é;
cazrds
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The NPAR1WAY procedurs is used to test the null hypoth-
asis that thare is no difference in the suvival times among
the three drugs. The SAVAGE option specifies that the
Savage scores are to be used. The variable TRT is the
CLASS variable, and tha VAR statement specifies that the
variable DAYS is the response variabla,

prog nparivay savage data=micer
class trt;
var days:
axXact;

Lun;

Qutput 2. Results of Savage Test on Multi-Sampie Data

The SAS SYystem 1
¥PAR1IWAY PROCKDURER

( ial} for variabla DaYS
Cisssified by varisble TRt

sum of Std Dav Maan
T]RT N Scores Undar HO Tnday HO 3aore
1 S ~3.367930%7 0.0 1.63455487 -, 673598034
2 5 0.09561827 4.0 1.63455487  0.029123654
3 s 3.272361%0 0.0 1.63455487  0.658472379

Average Scores Wers Used for Ties

Savage 1-Way Analysis 8 = 5.5047
Exact P-Valus

Prob >= 8 = 0.0445
Chi ion

o =2 Pgeb > S = 0.0638

The results of the Savage tast are shown in OQutput 2. The
exact pvalue is 0.0445, which is significant at the « =
0.05 level. However, the p-value based on the chi-squars
approximation is 0.0638, which results in nonrejection of the
null hypothesis at a = 0.05 level.

Two-Sample Data: Wilcoxon Test

Fifty-nine female patients with rheumatoid arthritis who par-
ticipated in a clinical trial wera assigned to two groups,
active and placebo, The rasponse status (excelient, good,
modoerate, fair, poor} of each patient was recorded.

The following SAS statements create the data set ARTH,
which contains the observed status values for all the pa-
tients. The variable TRT denotes the treatment recoived
and the variable RESP denotes the response status of a
patient.
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data oner

input trt $§ resp freq ¥@;

cards;
Active 1 5 Active 2 11 Active 3 5
Active 4 1 Active 5 5 Placebo 1 2
Placebo 2 4 Placebo 3 7 Placebo 4 7
Placsbo 5 12
H

data arth;

set ona;

do i=xl to fraq;
cutput arth;
and; '
ran;

The NPAR1WAY procedure is used ta tast the null hypoth-
asis that there is no differance in patient response stalus.
The WILCOXON opticn specifies that Wilcoxon scoras are
to be used in the computations. The variable TRT is the
CLASS variable, and the VAR statement specifies that the
variable RESP is the response variable.

proc npariway wilcoxon data=arth;
claps txe;
var resp;:
axact;

run;

Output 3. Results of Wilcoxon Test on Two-Sampie Data

The 3AS Jyscem 1
EPARIWAY PROCEDURE

wiloozon Scores (Rank Sums) fex Variable RESP
Classified by Variable TRT

Sum of Expeated 8td Dev Haan
e -4 Saores Ondex X0 Tcder 0 Score
Agtive 27 621.9 310.0 §3.9727441 23.0038000
Plagabo 32 1349.0 960.0 63.9727443 35.9062500

Average Scores Wers Used for Ties

Wilcoxon 2-Sample Test 3 = 631.900

Exzaqt P-Valuas
(Cne=sided) Prob <z & = 0.0014
(Twossidad) Prob >s |3 - Maaal = 0.0028

Normal Approximation (with Comtimuity Correction of .5)
Z a =2.94657 Prob > 121 = 0.0032

T-Tast AppTox. Significance = 0.0046

Kruskal-Wallis Test {(Chi-3q Approximmtion)
CHISQ = 2.7184 DP = 1  Prob > CEISQ = 0.003%

The results of testing the nuil hypothaesis are shown in
Output 3. The p-values obtained from the exact test and
normal approximation are 0.0028 and 0.0032, respectively.
Both pvalues are significant at the o = 0.01 level. In
this case, the asympiotic pvalue (based on the nommal
approximation) is more conservative than the exact p-value.

Computational Resources

Aithough the computational algorithm is fast, the compu-
tational time for exact p-vaiues can still be prohibitive,



depending an the number of groups, the number of distinct
response variables, the total sample size, and the speed
and mamory available on your computer.

If you do not wish to wait for the exact computations t©
complets, you can terminate exact computations and exit
10 the NPAR1WAY procedure at any time by pressing the
system intarmupt key (refer ta the SAS® Companion for your
system) and choosing {0 stop computations. For example,
you can press Control-C on a Warkstation or Control-Break
on a PC to terminate exact computations,

Note: The network algorithm, as implemented in the
NPAR1WAY procedure, represents the scares using their
full precision. Although it is possible 1o increase the speed
of the algorithm by rounding the scores to a small number
of decimai digits, this is not done by the procedure since it
can result in loss of accuracy in the pvaiues.

Summary

This paper introduced the new EXACT statement in the
NPAR1WAY procedure. This statement is available begin-
ning with Release 6.11 of the SAS System, and in Release
8.09€ of the SAS Systems on mainframes and minicomput-
ers.

This statement may be used to computs p-values ior
two-sampie tests using Wilcoxon-Mann-Whitney, Median,
Van der Waerden and Savage scores, or for mufti-sampie
tests using Kruskal-Wallis, Brown-Mood, k-sample Van der
Waearden and k-sample Savage scores. Examples are pro-
vided to illustrate the importance of using exact, rather than

asymptotic, p-values.
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