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Introduction 

Part II of this paper describes new SASe procedU18S for non­
parametric density estimation and nonparametric I8gras· 
lion. two of the new directions in which statistical software 
is being developed for Version 7. These pnx:eduras are 
preliminary steps toward comprehensive support for mod­
em nonparametric data analysis methods within the SAS 
System. It is anticipated thet the coverage described here 
wiD expand to include a variety of other important methods. 
Some of the techniques provided by the new procedures are 
also being implemented as functions in SASIIMle software 
and with interactive graphics in SASIINSIGHTe software. 
The SUGI23 Proceedings paper by Cohen lit aL (1998) 
describes parallel development in SASIINSIGHT software. 

The sections that follow discuss the scope of the new pro­
ceduras and illustrate their use with basic examples. The 
proceduras will be available as experimental software with 
the initial release of Version 7, and updated information will 
be provided on the Institute's Research and Development 
Web site at http://www.us.comfrndl. Complete documen­
tation of syntax and computational details WIll be provided 
in a technical report. 

Nonparametrlc Density Estimation: The KDE 
Procedure 

The KDE procedure computes nonparametric estimates of 
univariate and bivariate probability density functions using 
the method oi kernel density estimation. The procedure 
seves 1he density estimate in a BAS date set for subsequent 
plotting or analysis. In the bivariate case,the procedure also 
computes contours of the estimated density function. 

For a univariate sample, X;, i = 1.2, ...... with probabUity 
density function J(.,), the general Ionn of the kemel density 
estimate of J(.,) is 

• 1 ~ .,-X; 
. J(.,) = .. I. £..JK(-h-) 

•• 1 

where I. is the so-called bandwidth, and K (:r:) is referred 
to as the kemet function. The kemel function continuously 
"smears out" the mass 1/.. at each of 1he obseMltions, 
and the estimate is fonned by summing these masses. The 
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default kamel function uud by the KDE procedure is 

K("}=""(~)= ~exp(_:r:2/2) 
v 2 .. 

which is the standard normal density function. For an 
introduction to kemel density estimation, refer to SUverman 
(1986). 

For a bivariate sample (X;, Yo), i = 1,2, ... , .. with joint 
probability density function 1(." II), the kemel density asti­
mate used for 1(",,) is 

• 1 ~ :r: - X; II - Yo 
1(",11) = .. hxhy £..J""(~'-X;-) 

•• 1 

where hx > 0 and hy > 0 are a pair of bandwidths, and 
where ""( '" ,II} is the bivariate normal density function 

1 .. 2 + ,a 
""(",II) = 2 .. exp(--2-) 

The approach used by the KDE procedure in the bivariate 
case follows the development of Wand and Jones (1993) 
but is expected to evolve with ongoing research. 

The following example Ulustrates the basic featuras of 
PROC KDE. An automotive industry study was carried 
out to assess the octane requirements of a group of 
customer-owned cars as detennined by trained raters and 
the customers themselves; refer to Rodriguez and Taniguchi 
(1990). Based on previous studies, it was surmised that 
a significant fraction of customers should be experienc­
ing knock on gasoHne with an average octane number of 
92.6. However, the low level of customer complaints about 
knock suggested that this level salisflGd most customers. 
ConsequenUv, a preliminary stage of the ,analysis was to 
explore the joint distribution of customer and rater octane 
requirements. ' 

The following BAS statements create a data set named 
OCTANE which contains the requirements • 

.ta~. "'""_, ,-e .. ~_ cun_, 

.ta~a1ba., 

1141.5 12.0 
1141.0 ... 0 
".0 90.0 

raD, 



The following statements compute a bivariate kemel density 
estimate from these data. 

p ...... _ daU __ C __ , 

'9AZ' CUat.a.ezo Rat. ... J run, 

The output from this analysis is as follows. The Inputs table 
lists basic information conceming the fll. 

DaCa sat: 1IOJtIt.~&1111 

_r o~ Ob • .......tl ..... O.e4 229 
va.rll11>1. 1 ea.c_ 
Varll11>1. 2 RaC_ 
&.c_c1oa MecbG4 al: ...... iac. ~l 

The Controls table fISts the parameters controlling the fit, 
which is computed for a 60 x 60 grid over the entire range 
of the data with a default bandwidth. You can use the 
NGRID = numlist option to specify the number of grid points 
associated with the variable(s) in the VAR statement. The 
default values are 401 when there is a single variable 
and 60 when there are two variables. You can use the 
GRIDL .. num/'1St option to specify the lower bound for 
the grid, expressed as a percentage of the range of the 
corresponding VAR variable (the defaub is 0, indicating the 
minimum value of the variable). Ukewise, you can use 
the GRIDU .. numlist option to specify the upper bound for 
the grid, expressed as a percentage of the range of the 
corresponding VAR variable (the defaub is 100, indicating 
the maximum value of the variable). 

Grid 1'00 .. C. 
t.ower Grid I' ..... _C_ 
Upper arid ~C_ 
B&Ddw14tb MUltlpller 

60 
a 

100 
1 

:Rat.er 

60 
o 

100 
1 

The StatisticS table provides standard univariate statistics 
for each variable. 

-var1allce 
staDdaz4 DWrlatloa 
BaIlge 
I .. terqgart:11e _e 
t.ower ad4 value 
U»Per ar14 Value 
_4th 

86.35 
15.29 
3.91 

21.60 
5.00 

76.60 
98.20 
1.58 

92.20 
11.16 
3.34 

17.50 
5.00 

82.00 
99.50 
1.35 

The Bivariate Statistics table provides the covariance and 
correlation. Note that the correlation is mild (0.56). 
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7.29 
0.56 

The Percenlile& table lists percentile& for each variable. You 
can specify the percentiles with the PERCENTILES- option 
in the PROC statement. 

_11 .. 

CUat:c:..r .. -
0.5 76.60 83.00 
1.0 77.00 84.00 
2.5 77.00 85.00 

99.5 95.00 91.00 

The Levels table lists density values corresponding to con­
tours that enclose given percents of the data. For example, 
90 percent of the observation& have a den&ily value less 
than 0.D1 091. Note that the contours need to be interpreted 
with caution because quantiles based on smoothed density 
estimates are biased estimates of population quaotiles. You 
can specify the percents for the table with the LEVELS .. 
option in the PROC statement. 

LeVela 

Mrc:ea.t DezullC1" r.ow.rl r.ow.r2 U»Perl Upper2 

1 0.000703 76.23 82.00 96.74 ".80 
5 0.001315 76.23 84.&'1 95.64 ".50 

10 0.001756 77.33 a,." '5.2'7 ".20 
50 0.007350 82.12 17.93 '1." '6.a3 
90 0.01011 84.65 10.01 ".7' 15.05 
95 0.01111 85.02 90.31 '7.22 '2.9'7 

" 0.0115'7 85.39 '0.90 16.48 !l2.08 
100 0.01166 86.12 91.'7, 86 •. 12 !ll.79 

The output data set OCTDEN contains the 3600 points at 
which the kernel density estimate was evaluated. You can 
display surface and contour plots of the estimate as follows: 

tlUe 'piacrilloldoa of ace .... _ir_t.', 
proc g34 4aC.-OCC4ea, 

plot: Ra_oea.~lc1'" 

proc goOACOUZ' 4&caaoat4eD., 
plot: y Ox-4all.lr.r, run, 

These plots are displayed in Figure 1 and Figure 2. Figure 1 
reveals that the data were slightly censored for low octane 
requirements; in fact. there were 17 cars for which the 
customer requirement was less than 76.6 RON (the lowest 
octane gasoline used in the study). Both plots suggest 
that the denaity is s6ghtly bimodal. They also reveal that 
the conditional distribUtions of customer requirements given 
rater requirements are heteroscedastic. 



Figure 1. Surface of Density Estimate 

IIII.SI 

96.19 

I 80.7S 

-
II2.DO 

18.1 82.0 117.4 82JI 

c:.-nor 

Figure 2. Contours of Density Estimate 

An importanl issue in the application of kamel density esti· 
mates is the choice of the bandwidth. In the univariate case, 
this has been the topic of considerable research; refer to 
Marron (1989) for a survey. For this case the KDE procedure 
provides several methods for automatic bandwidth selec­
tion, including the method provided by Silverman (1986) 
and the mere recent SJPI method recommended by Jones 
st aL (1996). You can use the BWM= option in the PROC 
statement to specify a multiplier for the delaun bandwidth. 

Wand and Jones (1993) note that automatic bandwidth 
selection in the bivariate case is both difficult and compu­
tationally expensive. However, their study also shows that 
using two bandwidths, one in each coordinate direction, is 
oIIen adequate. The KDE procedure allows you to adjust 
the two bandwidths by using the BWM= option to spec. 
ify multipliers for the default bandwidths recommended by 
Bowman and Foster (1992): 

hx = uxn-1
/
6 

hy = uyn-1/ 6 
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Here, tTx and tTy are the sample standard deviations, 
respectively. These are the optimal bandwidths for two 
independent normal variables that have the same variances 
as X and Y, respectively. They are conservaliva in the 
sense that they tend to over-smoolh the surface. It is 
good practice to work with a range of bandwidths since, as 
recommended by Marron (1998), important information is 
available al a number of different smoothing levels. 

Suppose after viewing the preceding figures, you decide 
that you would Uke a slighdy smoother estimate. You could 
rerun the analysis with a larger bandwidth pair: 

.... ouCPQC I.-ftIb_cr.e-1., 
pzoo lI:4e daca-occaae out-oet44m2 

_2.2 
1 ... 1.-25 50 75 '5, 
'9'&J:' cu..~ Racer, 

E1ID' 

The BWM=2,2 option requests bandwidth multipliers of 2 
for both Customer and Rater. The results of this fit are 
displayed in Figure 3. This estimate is unimodal, although 
heteroscedasticity is still evident. 

Figure 3. Surface of Density Estimate for BWM=2,2 

You can also use the results from the Levels table to plol 
specHic contours corresponding to percents of the data. The 
Levels table from the output using BWM=2,2 is as follows: 

r.e-1. 

25 0.003680 80.26 86.75 93.07 ge.02 
50 0.005~71 e2." 88.53 n.2' 91.53 
75 0.006612 13.92 8'.71 8'.78 n.S5 
'5 0.007'51 85.39 n.l' 88.32 93.86 

You can plot the contour levels shown in Figure 4 as follows. 



clal:a 0I01:~. I 
.. I: OIol:Le'nl., 

if ~I: - 25 t:b<m 
oall .,.pQI:C'deD25', 1.fI:C~il:r) ), 

.1.. 11 ~I: - '0 t:b<m 
G&11 .,.pQI:C'4eA50', 1.fI:C~il:rl I, 

&1 •• if ___ 75 t:b<m 

0&11 .,.patC'4eD7S', 1.ft:(~il:rl I, 
.1.. if ~I: • 9S t:b<m 

.... 11 _tl'_5'. 1ef1:(~it:rl " 

p".,., II_taw: clat_I:4eD, 
plot "t_·c...I:_~it:r I 
1~ •• _5 _50 _75 a_5 
Yai_.O 
~.O 

-' •• said 
l~ .leg....u' 

sai.l :L.loel • 1 r-O _go ), 
l~l label - ( 'Le9wl.' I 

' •• I:a •• ( '15' '75' 'SO' '25' ) J 

~.-----------------------~ 

J 90.715 -
82JlO 4------.-----..---r----l 

82.0 87.4 IIU IIB2 

c:u-... 

15 -------- 715 ------ 50 ---. 25 

Figure 4; Level Contours for BWM=2,2 

For large data sets, the number of kernel evaluations can 
be prohibitive in the bivariate case. To avoid this problem, 
the KDE procedure uses a binning method based on the 
Fast Fourier Transform which is practically as accurate as 
direct evaluation; for details, refer to Fan and Marron (1993) 

Note that facilities for kemel density estimation in the univari­
ate case are currenUy available in SASJINSIGHT software 
and In the CAP ABILITY procedure in SAs/oc software; 
refer to SAS Institute Inc. (1995a, 1995b). Support for the 
bivariate case, along with interactive 3D graphics, is being 
added in SASIINSIGHT software; see Cohen et a/. (1998). 

Nonparametric Regression: The LOESS Pro­
cedure 

The LOESS procedure implements a nonparametric method 
for estimating local regression surfaces pioneered by Cleve­
land (1979); also refer to Cleveland et a/. (1988) and Cleve· 
land and Grosse (1991). This method is commonly referred 
to as loess, which is short for lOCal regression. 
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Assume that for i = 1 to n, the ith measurement IU of the 
response y and the corresponding measurement." of the 
vector z of l' predictors are related by 

y; = g(z;) + £; 

where 9 is the regression function and <; is a random error. 
The idea of local regression is that at a predictor z, the 
regression function g( z) can be locally approximated by the 
value of a function in some specified parametric class. 

More specifically, the method of weighted least squares is 
used to fit tinear or quadratic functicns of the predictors at 
the centers of neighborhoods whose radii ara chosen so 
that each neighborhood contains a specified percentage 
of the data points. The fraction of the data in 88ch local 
neighbol1l00d, called the smoothing parameter, controls 
the smoothness of the estimated surface. Data points in a 
given local neighborhood are weighted by a function of their 
distance from the center of the neighborhood that dacreases 
smoothly from one at the center to zero on the boundal)" 01 
the neighborhood. 

In a direct implementation, such filling Is done at each point 
at which the regression surface is to be estimated. A much 
faster computational procedure is to perform local fitting 
at a selacted sample of points in the predictor space and 
then blend these local polynomials to obtain a regression 
surlace. The points at which the least squares fitting is 
done are chosen as the vertices of cells of a k-d tree 
decomposition of the regressor data. 

The first step in the decomposition is to select the regressor 
with widest range and to divide the data into two cells about 
the median of this regressor. This step is then applied 
recursively to each of two resulting cells. The process 
terminates when all the cells contain fewer than a specified 
number of points. 

Statistical inference can be done when the €; are iid normal 
random variables with zero mean. Furthermore, robustness 
to outliers in the data can be achieved and inference can be 
done when the <; have a symmetric, long-tailed distribution 
by perlorming iterative reweighting. In all but the first 
iteration the ith data point, Z;, is weighted by an appropriate 
function of the residual at that point at the previous iteration. 

The following example iIIustretes the use of the LOESS 
procedure for a single regressor. During an earthquake, 
both its magnitude and duration are recorded. The following 
SAS statements create a data set named QUAKES which 
contains the magnitudes (measured on the Richter scale) 
and the logs (base 10) of the durations in seconds for 225 
earthquakes which occurred on the Island of Hawaii in 1975 
and 1976; refer to Bevens and Wright (1992). 

claca QI&&Ite, 
i_t llagnit .... 10111JUral:iODI 

clal:&U_, 
3.35 3.5 
3.35 3 •• 
3.35 3.3 

A plot of the data shown in Figure 5 shows that there is a 
strong relationship between Magnitude and logDuration. 



The following statements compute a loess fit for the data. 

0410 ou~t OU~1:8tal:bt1D._I:Quake' 
_ 1_ •• dal:a.guau, 

_1 lagDDraUOIl - Kap1tade I 
.. 11 
_I> - 0.1, ....... , 

The MOOEL statement specifl8S the dependerd: variable and 
the regressor variables. which are separated by an equal 
sign. A Unear function (the defaultt is to be fit locally. and the 
SMOOTH= option specifies the smoothing parameter. The 
CLI option requests pointwise 95% confidence limits. The 
foUowing statements CJe8te the plot displayed in FlQure p. 

QIObo11 __ b:lo:LA _2, 
~12 __ 1-:l01D _2 1-2, 
~11 ".aoae 1-:101. ".:a 1_2, 
~u ~la. 1>-2.5 _, 

_ 1IP1ot da_I:Quake, 

plot ( ft..s IoOwa"ClL 1JPpezCL DepYar ) * Kapil:ade I 

-~ IadDor _ 0 

'9alDOZ' • D 
.....al. • lUd.l £_, 

axi.l label - ( ~ _ 0 a _ to ), 
£_1: p....s Kap1l:ade 3.1 , 

'""'" 

0.0 1.0 2.0 a.o 4.0 5.D e.o 7.0 a.o 

Figure 5. Loess Fit for Earthquake Data 

For clarity. Figure 6 shows the fit without the data. FlQure 6 
reveals a sUght bend in the relationship between IogDuration 
and Magnitude. which is otherwise nearty linear. 

The next example iHustrates the use of the LOESS proce­
dure in fitting a highly nonlinear surface in the presence of 
signHicant noise and outliers. The statements below create 
and display a data set named HATIRREGULAR in which 
the variables X. Y. and Z are constructed by irregularly sam­
pling a 'C!lWb9y har surface with an off-centered elliptical 
spike. white noise. and random spikes. 
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0.0 1.G 2.0 a.o 4.0 5.0 e.o 7.0 B.O 

Figure 6. Loess Fit lor Earthquake Oata 

data "t:r~_(~i), 
40 1_1 to lOOO, 

x - -5+10*~aDaD1(123'5), 
Y - -5+10*~aDaD1(12345), 
.. - .:LA(.qR (x*x+y>y)) + 

5*e.p(-4*lx-2)*lx-2)-yoy) + 
-(123), 

1£ I ~aDaD1(123) < 0.2 ) 
tlaaD .. - .. +10*1~aDaD1(123)-0.5), 

_tpat, 
x • 1 + 3'~(12345), 
y • -1.5 + 3*~(123'5&7), 
.. - .iD(8qRIX*x+yoy)) + 

5*e.pI-'*Cx-2)*(x-2)-r-y) + 
~_(123), 

_tpat, -, 
title ·ScaCter .1ot of Bat surface Data-, 
_ 11'34 cIa_IlaU.--l_, 

....... , 

• 
4 

• 
-4 

-I 

.ca~ter ~x • z I 
zt.:Labua.5 
....... _-8 ..... ." 

s-- Plat of Hal SurIaat Data 

• 

Figure 7. Scatter Plot of Cowboy Hat Surface Data 



An additional data set named SCOREHAT provides a reg­
ular grid of values at which the fitted model will be scored. 

dat:& 8cor_t., 
do • - -, t.o , b.v 0.2, 

do " - -, to , b.v 0_2, 
s'1'E1le _ aa(aern: Ix·....".,,) I + 

S*-.p(-'*(z-2)*1x-2)-,.,,), 

t~t1. ·.1ot of ~ ~ace·J 
_ 11"34 dat._a_t./ 

p1at. ". ___ I t.ilt. - 75 

.... 

_t.e - U 
n£C_ - 5 
aia - -2 __ .6, 

Plot oIllue SurIaaa 

Figure 8_ Plot of True Surface 

The following statements fit a loess model to the data 
in HATIRREGULAR and score the model at the points 
in SCOREHAT. The ODS OUTPUT statement creates an 
output data set containing the scored data. Here, the option 
DEGREE=2 in the MODEL statement requests a quadratic 
fit, the BUCKET = option specifies the number of points in 
k-d tree buckets, and the ITERA TIONS= option specifres 
the number of reweighting iterations. 

o4a oatINt SCoreBeault.-0t,ll:.800n, 
p....., 1_ •• dat.a_t.l:~lar, 

_1 ,,_ " I datrs_-2 _""0.2 __ -15 

it.erat.i ..... -3, 
acore dataaScDnllllltl 

rwl/ 
p....., 1134 data_t.8core, 

t.it.le ·Plot. of 8c~ LaBS8 SUrface", 
plot. ",~_" I t.ilt.-7S 

rotat.· .. S 
st.£C_S 
moi,..-2 _I, 

40 

_z 

.... 

Figure 9. Plot of Scored LOESS Surface 

Note that an interactive facility for loess filling with a single 
regressor is available in SASIINSIGHT software; refer to 
SAS Institute Inc. (1995a) • 

Nonparametric Regression: The TPSPUNE 
Procedure 

The TPSPLINE procedure uses a penalized least squares 
method to estimate multivariate regression surfaces with 
thin-ptate smoothing splines. The TPSPLINE procedure 
allows great flexibility in the form of the regression surface 
and requires no assumptions of a parametric form for the 
model. The generalized cross validation (GCV) function is 
used to select the smoothing parameter. 

The TPSPLINE procedure complements the methods pro­
vided by standard SAS regression procedures such as the 
GLM, REG, and NLiN procedures. These procedures can 
handle most situations in which the user can specify the 
regression model and the model is known up to a fmite 
number of parameters. However, when the user has no 
prior knowledge about the model or knows that the data 
cannot be represented by a model with a finite number 
of parameters, the TPSPLINE procedure can be used to 
explore the data. 

Smoothing splines are local in nature, as is the case with 
other non-parametric regression methods. In kernel smooth­
ing, the smoother uses an explicitly defined set of local 
weights, defined by the kemel, to produce the estimate at 
each target value. Usually a kernel smoother uses weights 
that decrease in a smooth fashion as ona moves away from 
the target points. The regression spline represents the fit as 
a piecewise polynomial. The regions that define the pieces 
are separated by a sequence of knots, and it is custom­
ary to force the piecewise polynomials to join smoothly at 
these knots. By allowing more knots, the family of curves 
becomes more flexible. 

Mathematically, smoothing splines emerge as the solution 
to an optimization problem. They were generally regarded 
as numerical analysis tools unbl extensive research, pi-



oneered by Grace Wahbe, demonsllated that they have 
useful statistical properties and deselVe consideration as a 
metllod for pelfonning non-parametric regression analysis. 
II is now well-recognized that smoothing splines and their 
variants provide extremely flexible data analysis tools. For 
more details, refer to Wahba (1990), Duchon (1976), Bates 
et. al(1987), Hastie and Thshlrani (1990), Eubank (1989), 
Wand and Jones (1995), Hardie and Mammen (199S) and 
papers referenced there. 

You can use the TPSPLINE procedure to fit either a non­
parametric model or a semi-parametric model. For the ith 
obselVation, define 1/; as the rasponse value associated 
witll (x;, z;), where x; is a d-dimensional covariate vector 
and Z; is a p-eiimensional covariale vector. Assuming that 
tile relation between Z; and 1/; is Unear but tile relation 
between X; and 1/; is not known, you can fit the data using 
the semi-parametric model 

1/; = I(x;) + z;p + <;, 

wllere I is an unknown function whicll is assumed to be 
reasonably smooth and f;, i = 1,···, n are independent, 
zero-mean random errors and p is a p-dimensional vector 
of unknown perameters. Here, z;P is tile parametric portion 
of tile model, and Z; represents tile regression variables. 
Tile function I(x;) is tile non·parametric part of tile model, 
and X; represents the smootlling variables. 

In order to obtain an estimate which fits tile data well and, 
at tile same time, has some degree of smootllness, tile 
penalized least squares metllod is used. This method 
minimizes the quantity 

1 .. 
$,(1) = ;; L(I/; - fiX;) - Z;p)2 + )..J2(1), 

•• 1 

where J2 (I) is the penalty on the roughness of f, wllicll is 
typically defined as tile integrel of tile square of tile second 
derivative of I. TIle first term measures \he goodness-of-fll 
to tile data, and the second term measures tile smoothness 
of I. The multiplier A is called the smoothing parameter 
because H govems the lladeofl between smootllness and 
goodness of Iii. A large value of A penalizes estimates with 
large second derivatives, and conversely, a small value of 
A rewards goodness of fit. 

The estimate fA is selected from a reproducing kernel Hilbert 
space, and it can be represented as a linear combination of 
a sequence of basis functions. Hence, tile final estimate of 
f can be written as 

d .. 

f>{x·;) = 8. + L 8;0:;j + L 6jBj(x;j, 

where B, is a basis function which depends on Xi, and 8j 
and 6 J are coefficients to be estimated. 

The smootlling parameter can be chosen by minimizing the 
generalized cross validation (GCV) function. 

If one expresses the fit as a linear operation 

y=A(A)y, 
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then A( A) is referred to as tile "hat" matrix, and the GCV 
function V (A) is defined as 

VIA) = (1/n)II(1 - A(A)YIl2. 
[(1/n)tr(1 - A(A))]2 

For a fixed A, tile coefficients (8,6, P) are estimated by 
solving an n X n system. 

The syntax for the TPSPLINE procedure is similar to that of 
other regression procedures in the SAS System. For Simple 
applications, only the PROC TPSPLINE and MODEL state­
ments are required, as illusllated in the following example 
which uses data provided by Bates at. 81(1987). 

The following example iIIusllates the use 01 the TPSPLINE 
procedure with a data set named MEASURE which contains 
the variables X1, X2, and Y. 

4ata _au%el 

i_C xl x2 " .. , 
dacali .... , 

-1_0 -1.0 15.5"83570 
-.5 -1.0 18.5739'826 

o -1.0 19.66086310 

""'" 

-1.0 -1.0 15.'6312613 
-.5 -1.0 18.'972216' 

o -1.0 19.80231311 

The goal is to fit a surface by using X 1 and X2 to model 
Y. The values of Xl and X2 are distributed regularly on 
a [-1 x 1] x [-1 x 1] square, and the values of Y were 
generated by adding a random error to a function 1(% 1 ,%2). 
The data are plotted in Figure 10. 

Figure 10. Plot of Data Set MEASURE 

TIle 10Uowing statements fit a thin plate spline to tile data: 

_ CPIlP11_ daca_=-I 
_1 p(xl x2) I 1-.bda • -, co -2 bJr 0.2, 
_cpgt OIlc_cmac. P&"ec! us uU, 

"""" 
In the MODEL statement, the variables X1 and X2 are 
enclosed by parentheses to indicate that they are smooth­
ing variables as opposed to regression variables. The 



LAMBDA:< option requests a list of of GCV values with 
log,o(n~) ranging from -4 to -2. The OUTPUT statement 
specHies that the predicted values and 95% confidence Jim. 
its are to be saved in an output date set named ESTIMATE. 
Output from tile procedure is displayed in FIgure 11, and a 
partial listing of ESTIMATE is shown in Figure 12. 

_ of _ezvacioDa 50 
_ of wal ___ 101..... 25 

~ of iDdeDead_t 'YU"iabl.. 1 
_ of _adoo 'o.d.J11 •• b t::tIe _1 0 
_ of ~ ... -..r1.J11e. b t:tIe _1 2 
_100 of P01~ apace 3 

(nt,'ftHe' -, 
-3.' 
-3.f 

-3.' 
-3.2 

-3 
-2 •• 
-2.6 

-2.' 
-2.2 

-2 

y 
•• 01.215 
0.OUU8 
0.011082 
O.OU01' 
0.OU2U 
0.020117 
41.1122&&2 
41.028132 
41.0'.'11 
G.06UI9 
0.109387 

Samaazy 8t:.t:i.t:iea 
of Fiaa1 •• t:!.at:ioo 

.&Z'a..t.~. --_t:hi ... Peaa1t:y 
R88 
'l'r(l-AI 
DI' 
st:_ Deri&tiOll 

0.ODOOOG611 
2551.U3225 

0.2'6110 
25.'06797 
2'.593203 
0.09"21 

Figure 11. Output from the TPSPLINE Procedure 

The data set MEASURE contains 50 observations with 25 
unique design points. Tile value of ~ that minimizes the GCV 
function is around 10-3.5/50. The final frt is based on ~ = 
0,000006681. The residual sum of squares (RSS) for this fit 
is 0.246110, and the degrees of freedom is 24.593203. The 
standard deviation, defined as RSSJ(Tr(J.A)), is 0.098421. 
These values differ slightly from those obtained by Bates et 
a/. (1987) who used somewhat different stopping criteria in 
the search for ~; however, the final frts themselves agree 
closely. A plot of the fitted surface in ESTIMATE is shown 
in Figure 13; the surface is coarse because the date points 
are sparse. The foUowing statements produce a smoother 
surface. First, the DATA step is used to generate a filler 
grid. Then the SCORE statement is used to evaluate the 
filled surface at these design points, The fitted values saved 
in PRED_Y are displayed in Figure 14, which suggests that 
a quadratic parametric model would also provide a good fll. 
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01>. x 

1 -1.0 -1.0 15.5"1 15."7' 15.5115 
:I -1.0 -1.0 15.7f31 15."7' 15.5115 
3 -0.5 -1.0 11.f"0 18.5783 18."30 

Figure 12. Data Set ESTIMATE 

Figure 13. Fitted Surface Using Values in ESTIMATE 

data pre4J 
40 xl--l t:o 1 by 0.1, 

40 :0:2--1 t:o 1 by 0.1, OI&_t:, -, -, 
_ t:p.pli_ da_ ....... , 

_1 y _ (xl K2) I 1_ - -, t:o -2 by D.1J 
.cO&-e dataapnMS. OUC.~I 

lOWLJ 

Figure 14. Fitted Surface Using Values in PRED_Y 



Note that the eomputationallacililies of PROC TPSPLINE 
are being made available in SASIINSIGHT software and as 
functions in SASIIML software. 
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