A VARIABLE ZELECTION ALGORITHM FOR QUADRATIC DISCRIMINANT ANALYSIS

Samuel L. Seaman, Baylor Univeréity, P.0. Box 98005, Waco, Texas 76798
Dean M. Young, Baylor University, P.0O. Box 98005, Wacc, Texas 76798

INTRODUCTION

One difficulty in the application of
statistical discriminant analysis obtains
when the researcher must select the most
important wvariables to ba included in a
statistical analysis. Typlcally, the
relevant varlables have been identified
using some objective criterion from the

substantive discipline in which the
appllication is mada. However, the
resulting set of variables can contain

redundancies, making a further reduction in
variables desirable. Indeed, there are
other reasons that a researcher might wish
to perform variable selection for a
statistical discriminaticn algerithm.

Firstly, variable selection can effectively
reduce the conditional error rate by
increasing the ratic of the training sample
size to the dimension (see Van Ness
{(1978)). Secondly, the cost of gathering
and processing a large number of variables
may be prohibitive, and variable selection
may be necessary to minimize costs.
Thirdly, the goal of the analysis may be to
identify only those variables most relevant
for use in allocating future observations.
Finally, variable selection may be used to
obtain parsimeny of the data set.

The problem of variable selection in
discriminant analysis has received much
attention in the literature. Reviews by

McKay and Campbell (15B2) and Huberty
{1984) provide excellent summaries of this
work. For the allocatory variable
selection problem, McKay and Campbell
conclude that "The basic problem (of
variable selection for allocation purposes)
is to determine the subset (or subsets) for
which the (conditional) error rate is a
minimum. Statistically it may only be
pessible teo determine a subset or subsets
for which the error rate is essentially no
greater than that for the original set."
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Numerous methods for selecting wvariablas
for a 1linear discriminant analysis have
been suggested in the literature, but
little has been written on the topic of
variabla selaection for the quadratic
discriminant function. Fatti and Hawkins
{1986) derive a variakle salaction
algorithm for gquadratic discrimination
using a likelihood ratio test statistic.
Also, Young and Odell {1986) have
formulated a varlable selection method
based on a 1linear sufficlency criterion.
Pynnonen (1987) has proposed a variable
selection algorithm for the heteroscedastic
discrimination model based on the Akaike
information criterion.

In this paper we are interested in variable

selection for allocatory discrimination
and, in particular, the development of a
computationally efficient classificatory

variable selection algorithm for use with
the quadratic discriminant model.

THE VARIABLE SELECTION ALGORITHM

The new variable selection algorithm for
quadratic discrimination which we propose
has three mailn ingredients: a method for
calculating the inverse of a sample
covariance matrix for a subset of the
original wvariables using the inverse of
the original p-dimensicnal sample
covariance matrix, an estimator of the
conditional error rate, and a stepping
rule.

A mathematical relationship described by
Narendra and Fukanaga (1977} and Kittler
(1978) aliows one to apply the computations
for the inverse of the covariance matrix of
a full set of variables to obtain the
inverse(s) of the covariance matrices for
any subset(s) of the original variables,
making for more efficient use of computer
time. This relationship i1s described as

follows. Let A be a symmetric pxp
nonsingular matrix. Furthermore, let Ay be



the symmetric nonsingular matrix cbtained

by deleting the itR row and 1% column
from A. The inverse of Ay is

hj-_l = B - I:'/Vii
where B is the (p - Ll)x(p - 1) matrix
formed by deleting the iR row and 1B

column of L_l and the p-dimensicnal vectox

r is the 4tD  column of A with the 4tB
elament, vi4 . omitted.

The proposed variable selection algorithm
is designed to select a subset of predicatae
variables which has minimal estimated
conditional error rate. The estimated
conditional error rate used in the proposed
algorithm, 1s cobtained with the leave-one—
out (LOO) method suggested by Lachenbruch
(1967) . The method 1s characterized by a
two-step process. In the first step, an
observation 1s deleted and the linear
classification functions are computed for
the remaining (N-1) observationms. In the
second step, the QDF computed in step one
is used to allocate the deleted observation
into one of the labeled groups. This
process 1is repeated n times and the
proportions of observations misclassified
may be employed to determine the estimated
error rate.

A third characteristic of our variable
selection algorithm is the stopping rule.
Since we adopt a backward elimination
strategy, we shall need a rule to decide
when to discontinue the variable selection
process. our stopping rule 1s similar te
one proposed by Habbema and Hermans (1977) .
and may be described as fellows:

Stop the variable selection algorithm i1f

1. The LOO conditional PMC estimated for
the selected subgset exceeds the LOO
conditional PMC estimated for the original
set of p variables by more than scme
tolerance value, say £20.

2. The LOO conditional PMC estimated for a
subset at the jth iteration exceeds the

100 conditional PMC estimated for the most
recently selected subset. Stop at subset

8q if B(Sp ) - P(S41) 2 & 3 = Pr p-1.
---. qtl, while P(Sg5 .3} - B(Sq ) > O.
Hote that estimates of the conditional

error rates could be calculated for all
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possible subsets of the original variables,
but this would be wvery costly, especially
when the dimension (p) is large. Instead,
we adopt a backward elimination strategy
and search for the subset of variables
having an estimated PMC which cannot exceed
the estimated PMC of the full set of
variables by more than a specified
threshold value, €.

We shall now describe the essential steps
which constitute the new variable selecticn
algorithm for quadratic discrimination.

1.} Compute the leave-—one-ocut astimated
probability of misclassificaticn (pMC) for
the original set of variables, and store
the inverse of the pooled covariance
matrixz, 8.

2.) Delete one of the p variables and
compute the leave-one-cut PMC for the
remaining subset of (p-1) variables.
Repeat until having swept through all p
variables. The variable assoclated with
the maximum PMC is deleted and a comparisoan
of -PMC's according to the suggested
stopping rule ie conducted.

3.) Repeat steps one and two until a
stopping rule has been satisfied.

We note that the variable selection
algorithm dascribed above will not
necessarily yleld the subset which has the
minimal conditional overall error rate.
However, the algorithm is designed to yleld
a feature subset that has a conditicnal
overall error rate that is relatively close
to the minimal conditional overall error
rate.

AN EXAMPLE

Sample data for our comparison derive
from a bankruptcy prediction study. Iin

this example, balance sheet and income
statement data have been collected for a
sample of 39 publicly listed firms entering
barkruptcy and 39 nonbankrupt firms for the
period 1977 to 1983. Bankrupt firms have
been identified using The Wall Street
Journal Index and a list of bankrupt firms
compiled by the 8ecurities and Exchange



Commission (SEC}.  Filnancial statement data
for each bankrupt firm have been obtained
from the last annual (10-X) financial
report filled with the SEC prier to
bankruptcy. Nonbankrupt firms have been
salected based on the same criteria, which
include fiscal year-end, industry, and
asset size. Financial statement data for
the nonbankrupt firms also have been
cbtained from the 10-K reports. A set of
twenty two financilal ratios, constructed
from this financial statement data, make up
the full set of independent variables used
to classify firms into the sclvent or
insclvent group. We note here that both the
test for egual covariance matrices and the
test for multivariate normality have been
rejected at the .0001 level. The proposed
comparison may appear to be inappropriate

here, since the Stepdisc procedure assumes
equal covariance matrices for the two
competing populations. However, thea SaS

stepwise procedure is often misapplied in
the heteroscedastic case simply because it
i3 readily available.

In order to evaluate the efficacy of the
proposed variable selection algorithm for
quadratic discrimination we shall compare
the performance of the SAS Stepdisc
variable selaection procedure with the
performance of the newly propesed variable
selection algeorithm. Qur algorithm
selected a subset of 5 predictor variables,
which had an estimated conditicnal error
rate of .1473. The SAS stepdisc variable
selection procedure yielded a subset of 3
variables, with an estimated conditicnal
error rate of .2876.

A reasonable criterion for the selection of
variables in allocatory discriminant
analysis is the minimization of the
estimated conditional overall error rate.

The algorithm we ©propose empleoys this
criterion and, vyet, is computaticnally
efficient. The SAS Stepdiac procedure,

uses the F statistic criterion for variable
salection. Eisenbeis, Gilbert, and Avery
{1973) have shown the F statistic criterion
to be inferior to most cthers in allocatory
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discrimination. This may be due, in part,
to the sensitivity of the F-statistic to
nonnormality. McLachian {1986) notes, for
example, that Ycaution should be exercised
with the use of parametric estimators of
the error rates as they may not be reliable
under departures from the parametric model
adopted, even though the sample rule itself
may be robust.” This caution certainly
applies to the data analyzed in this study
as there is strong evidence of
nonnermality. In contrast, the proposed
algorithm adopts a robust criterion and
appears to be less sensitive to the
departures frem normality realized in this
example. It 1s for this reason, perhaps,
that the ©proposed algorithm provides
greater classification accuracy and can
therefore be recommended over the SAS
Stepdisc procedure. The proposed algorithm
is alsoc preferrable to the SAS procedure in
that it yields a robust estimate of the
overall conditional error rate for the
selected aubasat, This estimate of the
conditicnal error rate should provide a
useful index of the accuracy in
classification that one might eaxpect when

using the selected set of variables. This
added information is a highly desirable
outcome when the purpose of the

discriminant analysis is allocation.
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