
Information Visualization 

STATISTICAL GRAPmCS 
D. A. Dickey • North Carolina State University, Raleigh, North Carolina 

ABSTRACT 

Some graphs that eonVII)' infonnation of statistica1 interscst &III displayed and discussed. The logic of their construction is also discussed. 

INTRODUCTION 

This paper shows how 10 produce SOlDO informative statistical displays using some simple graphics available in SASlSTAT (TM) and some IIlORt 

complex graphics available in SASIGRAPH. Some ofdle IIlORt in1mes1ing logic involved is ~'bed and die a4vantages ofbaving powerful 
sIIdisticaI anaIyBis 100Is and paphiI:s wi1hin 1he same package should be apparent to the reader. Some graphs display data. some &III used as analysis 
tools. and some as vehiolcs for undmIanding the underlying statistical concepts. 

DANIEL'S NORMAL PLOT 

Otlcn in industrial appIicsWm, one has sevaa1 factoJS that may con1ribute 10 a response. It is common practice 10 run a SCImIing design. IIUCh 
as a P1ackett-Bunnan design (Box, Hunter and Hunter, 1978. pg. 398). In such a design, high ancllow levels of each expcrimenCal factor &1\1 

idcnlitkd 8I1d CIICpCIIimenbd 1riaIs run with each factor set at either its high or low value. For an c:xperiment with k factors. it would tab 2**k runs 
100bsme em)' possible combination. To invcstigatethe efl'cet ofwheel speed, grit size, wheel diamctcr,lubricantamount, feed rate, and depth 
of cut on the smoothness of a part being shaped by an industrial grinder would require 2**6-64 trials. This woukI be ca1Ied a fuU factorial 
experiment. To cut clown ClI1 the IlCCCSSIII)' number of runs, various sercening designs have been proposed, consisting of a smaI1 subset ofdle 2* *k 
potentia11ria1s. The subset must be picked caretWIy in order not 10 loose important infonnation. If enough care is tsbn, very nice statistical 
propertiea can muIt. 

PIackdt and Burman pve tsbles of designs, consisting of 1'1 and -1's for esch variable and each run, indicating subsets oftRatments that haw 
such nice properties. Here is some data associated with such an experiment 

DATA lC1 lC2 lC3 X4 lIS X6 lC7 
82 1 -1 -1 1 -1 1 1 

106 1 1 ·1 -1 1 ·1 1 
122 1 , 1 -, ·1 , -1 
121 -1 1 1 1 -, ·1 1 
88 , -1 1 1 , ·1 -1 

116 ·1 1 -1 1 1 1 -, 
87 ·1 -1 1 -1 1 1 1 
88 ·1 -1 ·1 -1 '1 -1 -1 

You _ that r.:tor Xl. (perhaps Ph)_ high an the first trial whiIc Xl (perhaps temperature) was low and so forth. The l'eSpCIII8e on this trial was 
82 which might be yield of a drug. hardness of metal. etc. No1c that each column has 4 1'1 and 4 -l's and that the columns &1\1 orthogonal. This 
implies that if )'OIl regress the clstaonXl·X7 each coetlicientwill be half tile cIiffercnce of two means: that of tile + 1 data minus that of tile -I data. 
ThisclifI'erencein means is referred to as tile "effect" of the variable so the etrcet of Xl would be (82+106+122+88)'4 -(121+116+87+88),4-
-3.5 indicating that a switch from low 10 high level of Xl would decrease yield by 3.S. 

Table 1 shows parameter estimates that resu1t from PROC REG: 

Var'able 

INTERCEP 
lC1 
x2 
lC3 
lC4 
lC5 
X6 
lC7 
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Table 1 
Parameter Estimates 

Par_ter 
DF Estimate 

1 101.250000 
1 '1.750000 
1 15.000000 
1 3.250000 
1 0.500000 
1 -2.000000 
1 0.500000 
1 -2.250000 
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So you haw a Dice design 1111% can be aualyzcd by regression but 
theIe remains a problem • your IIIgRSSiou bas 0 error degRcs of 
freedom. Yau will haw 110 enol' wm by which to judge the 
staliSlical significance oCyour rcsuItsl CuthbcJt Daniel (1959) 
aotccI1III% auy fictor which bas a theoreIical 0 dfect will give a 
regressioll coefiicieat 1111% is IIOrma1Iy distributed about O. The 
variance of it will be just the popu1atiou cnor variance cliWlccl by 
the sample size II, 0-1 in this case, because the X'X matrix is 
clearly a cIiagoaal matrix with II 011 tho cliagoaa\. Thus assuming 
thae aN !IIMlaI inert f8cIon among those being tes1ecI, there will 
be SOVCAI ~ciCDts which appcarto be &om the same normal 
clisttibutiOll and a 1lOI1II81 probability plot oC the regRSSioD 
pIIIIIIIIOfcr ~ such as that given by PROC UNlV ARIATE 
or usiDg PROC RANK, will show the iDort factors in a line and 
the 8Q1ive factors off the line. 

To get this normal plot, just use the OUTEST data set available 
ill PROC REG. PROC RANK ucI a subsequeDt PROC GPLOT 
applied to Ihe OUI"EST daIa .. produce a aorma1 probability plot 
of tho 7 coetJicieats as shown in Fig. 1. Dauiel's idea was to 
esIimaIIIlhe sIaadard enol' &om the IIOIDI8l plot. The straight IiDe 
reIind to in the above paragraph goes through the origin and bas 
a s10pe equa1 to the standard enol' oC a regmsiOll coefficient A 
SlIgesIcci liDehaviDg a slope 1.6 is shown in Fig. 1. Points off the 
liDe repRSeDt significant e&cts and c1early the largest point is 
well off the line. Checking the coefficieots above, this is 
associatcci with fictor Xl. The other fiIctors seem to be inert. 
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Once ~ haw some csfimato oCtile standard error oC each 0 
oocfIicient, clivisic:m oC the cocfiicient oC an iDort tiIctor by this 
lIumber will produce a mtIo 1111% shoulcllaok: lib a wlue of -1 
St1ldCll1's t. Thus you coulcI compuw these StucIemiKcI 2 
coefIicieats and see which oC them looks to be out oC R8S01I8bIe -
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nmgc as a tsta1islic. This leads to another idea. PROC REG bas -3 ".... ............... ~....., ......... ...,...,. ............................ ~,......., ...... ....,.... ....................... .......,. 
DIlDY Dice cIiaposti-:s. The RSTUDENT JeSicIuaIs, for example, 
aN a set oC Stuclalizecl residuals obtained by prcdicIing each oC -2 -1 o 1 

Normal Score 
FIGURE 1: DANIEL'S NORMAL PLOT 

the II poillts in a data set iom the remaining .. 1 and tha 
compu1ing a residual and sIaDdard error. If you simply regress 
your ~cients 011 a coluDID oC 1's, thcD. a plot oC the 
RS1UDENT resicIuals should reveal the imporlallt df'ccts. In Fag. 

TO GET ERROR TERM IN PLACKETT-BURMAN DESIGN 

2 

2 I use PROC TIMEPLOT to do this and with the JD ststemeIIt. tiIctor names can be associated with each effect. Olrviovsly Xl bas a SIroIIg effect. 

NAME OF 
FORMER 
VARIABLE 
X1 
X2 
lC3 
lC4 
X5 
lC6 
X7 

Student i zed 
Residual liithout 

CUrrent OIls 
·0.61 
6.65 
0.22 

·0.23 
·0.66 
'0.23 
·0.70 

Figure 2: PROC TIMEPLOT 

min 
'0.702135956 

IIIIIX 
6.647721731 
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R·· 

····································R 
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R 
R'·' 
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This idea is most e&cliw whea 100Icing for a siDgIe aclive tiIctor with the other k-l f8cIon inert as seems to be the esse hen:. Of course PROC 
UNlV ARIATE CID be iawbd 00 1bc coeIIicients, or their StudentizecI wlues as a check on which do DOt seem to be &om a COIIIJIIOII nonnal clistn"butioa. 
Usc the JD statemeIIt to idealitY fiIctors and glance at the boxplot to see which effects are cxtmnc. 
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Variable=S8 

Lowest 10 
-1.41596(X7 
-1. 25863(XS 
-1.1013(Xt 
0.314658(X6 
0.314658(X4 

Stell Leaf 
84 
6 
4 
20 
033 

'0 431 

Highest 10 
) -1.1013(X1 ) 
) 0.314658(X4 ) 
) 0.314658(X6 ) 
,2.04528(X3 ) 
) 9.439752(XZ ) 

UNlVARIATE PROCEDURE 
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MULTIPLE COMPARISONS 

A lot ofwmk has been done on 80 called multiple comparisons. TM idea heIe is that you have several treatmcmts. each IqlIieated and thus you 
haw .vaaI1raItmc:nt means. Now any two means can be IlOI11pared using a t-test. The ~ levcI of the tJ:st, usually taken as .oS, is the 
pmbabiIity of declaring two population IJICIIIII to be cIif£erent when in fact they are the same. Wdh 4 IllCIII18, call them A, B, C, and D, you could 
COlIIp8IC A to B,A to C, B to C, etc. for 6 comparisons in an. each havins a .OS signi&ancc levcI or "comparisonwise moe .... What is the 
probability that, BII\OIIg 1110 IIix comparisons clone, at 1east one will faIscIy reject equality of means? It must certainly exceed .OS just as a person 
who has a.os cIuII1cc ofmissillg a fi'ecthrow will have a much greater ehance of missing at least once in six frcethrows. TM probability of falsely 
dccIariDg two means among many to be signifioantJy ditli:mrt is eaIlcd the multiplc comparison problem 11141110 probability of at 1east one false 
cIceIaration of cIifl'erence in an cxpcrimcnt with many means is rcfcmd to as the expcrimcntwisc error rate. 

WhiIc fonnaI staIiaticraI comparison methods are available. Box, Hunt« and Hunter, page 192, suggest a nice visual method • simply graph the 
_beIowa IIDI1IlIIIdisIribuIion centered on the overall aYefII8C and having standard deviation equal to the standard crrorofa mean. Thcnjust 
ask youmcIfifthe IJICIIIII appear likely to haw aU come from this same distribution. 

Esurc 3 iIlusIrafea Gis. The cIaIa arc fR8ImIIlt II\CIIIIS for a rhizobium cxpcrirnent reported in StceI and Tonic (1980). To get the plot, you create 
a data set for use in PROC GPLOT where joined line segments are used to graph 1110 nonnaI distribution, its baseline, and vcrtiea1 shading lines 
for the O.OS tail areas. Di8mondswith X coordinates at the observed means and common Y ooonIinate 10catcthe datajust bclow1ho nonnaI 
disIribuIion. Now add a bit ofrigor by takinS any oCthe multiple comparison numbers, e.g. the Tuby comparison number as can be found on the 
MEANS statement in PROC GLM. and IIIal1ing bcIow each diamond, cxtmd a line whose length is the comparison number. You ICC not only 
whillh means arc IlOIlIlDCted, but how close they come to being sisnificantly far apart. Suppression ofaxes, Jabcls. cII:. IIlIkcs 1110 graph more 
atIIactive. The normal cum is created in a data loop using the Connula for the nonnaI density. 

MULTIPLE REGRESSION RESlDUALS 

The data here are from a textiles experiment at North Carolina State University in which the air pcnncabiIity of various fabric samplca was 
measured lSafimlllicn ofthenwnberofweftdirection plicsand tho tabric thickness. Fig. 4 is a stJaightforward PROC G3D on this data. It appears 
lhat a simple linear regression of pcnncability on thicknoss and number of weft p1ies would sufiice and indeed a IIicc regression is obtained from 
PROC GLM in Table 2. 

Oependent Variable: PERM 

Source 
Model 
Error 
Corrected Total 

Parameter 

INTERCEPT 
WEnPLY 
THICK 

OF 
2 

18 
20 

R'SqUare 
0.Sm07 

Estimate 

·157.71544 
124.78818 

16184.30800 
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Table 2 
General Linear Models Procedure 

SUn of 
Squares 

358794.2912 
50224.8412 

409019.1324 

C.V. 
19.16323 

Mean 
Squares 

179397.1456 
2790.2690 

Root MSE 
52.82300 

T for 110: 
Parameter=O 

-8.24 
8.07 

10.57 
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F Value PR ~ F 
64.29 0.0001 

PERM Mean 
275.647619 

P ,. ITI Std Error of 
Estimate 

0.0001 92.179108 
0.0001 15.464520 
0.0001 1531.605883 



FIGURE 8: STEEL .. RHIZOBIUM DATA 
REFERENCED TO DISTRIBUTION OF 1 MEAN 

<> 
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FIGURE .: AIR PERMEAIIILITY FOR FABRICS 

It; bowIvcr,:you output 1he residuals and pJot1hem against the two independent varia&Ics jointly in PROC G3D a SUggcsDon for model moditicalion 
appcm. The SHAPE-variable option is used in Fig. S 10 show negative n:siduaIs as diamonds and positive ones as balloons. Notice that the pattern 
of diamonds IUIIIIacroas a cIiagonal oCtile pIofs tloor with pNdominaldy balloons in the opposing eomen. This indicates the need for a quadratic 
tmn, IbIy a IlIU68plOduct. in the modeL The etTed would be less apparent bad you only used a 2 dimensional plot. Indeed a tbII q~ model 
produces additional atatisticalIy significant terms. This data will be discussed further. 

SELECTING A TRANSFORMATION 

Box, Hunter and Hunter (1978) discuss UansCormation and spt"'ifi"lllly, a technique developed by Box and Cox (1964). The idea b= is 10 
Uansbm Yby wrious powa-1nInstOnna1ions such as 1he squaze lOOt, Y.*05 and R:CiprocaI y..( -I). You model these 1nuIsfonncd Y's, searching 
OWl" a grid ofpowers 10 find the power that minimizes the error mean square. To make the comparison fair, you must seale the transCormed Y's. 

The ~ly sealed transfonned value ofY is F ITT ED SUR F AC E 

Y'(l) = CY**l - 1)/(l*G**CL-1» for L not 0 
T' (l) .. G*ln(Y) for L .. 0 

WhCR 0 is the geomeIric IIICIIID of the Y's and In is the aatura! 
Iogaritbm. 

SAS makes it easy 10 perfimn this c:omputation. As you read in the 
data. simply add this loop (after c:omputing the geometric IIICIIID G): 

do l .. -1.5 to 1.5 by .1 ; * (choose any grid); 
if laO then go to _: 
Ytrans .. (T**L-1)/CL*G**(L-1»; 
go to two; 

one: Ytrans .. G*ln(T): 
two: output; 

end; 

proc sort; by l; 
proc reg noprint outest=out1; by L; 

R 

~ .. 

FIGUR •• : RESIDUALa ~o ... ... IT 

10 set a data setOUfl coataining _RMSE .... the squaze root of the error moan square for eaeh 1. Now just lind the L giving the minimum _RMSE_ using 
a plot or prialiag the data, for example. Yau can gel: a little faneicr than this. Box, Hunter, and Hunter, page 239, c:oasidor the error sums of squares 
essocimd wiIh eam 1. They suggest an approximab: 95% con1idence interval for L consisting of all L's for which the regression root mCaII square error, 
_RMSE .... is less than 
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C a .inC _RMSE_)*sqrt(1+t*t/df) 

~mia(JWSEJ is 1hemiaimum root mean squ.ue error, t is from tho Student t tables and elf is !he error degrees of tieedom. If you plot _RMSE _ 
_ L aud put a VREF _ at C, it will intcnoct!he pIoUcd curve in two points and thus givc tho upper and 10wer coafidencc limits fOr 1. Looking 
at tho plot, you c:ao RpIot the curve vnth HREF lines at theM two points and at the minimizing L. This is shown in Fig. 6. 

~ CCIaIIIIeIlt about 1rIUIsfbnDations is that the sigDi1ic:aocc orvarious terms in tho model may challgo with tnIIIstllrmalion. I fit 8 ibU quadratic 
IIIOCId 

Y I el) ,. bO + b1*V + b2*T + b'3*T**2 + b4*11**Z + b5*WT 

for eacbL and output the P-values that go with each coeilicicnt I plot these P-values agaiDst L At the minimizing L (about A) only one of these 
P-va1ues is bcIowO.os. All it happens this is the arossproduct term suggested in your previous residual plot. or IlOUIlIO most anaIylIIB would leave 
tho 1inear1l:mul in 1be modcI too when the cross product term is significant The untlansfonnecl Y value (L-l) is just outside the 95% oonfidcnec 
in1a'vaI. Even 1bough 1he minimizingLis A. 1he value L-.s is about as good and corresponds to the square rootVansformation. FUI8Ily. _RMSE_ 
was scaled-so that it fit nicely on the plot 

Tn FI& 7, the information is displayed in a ditl'etcnt way. Here the VREF lines are at 1he 95% t statistic cutoil' points and the plotted curves are 
the calmdated t statistics The minimizing L with upper and lower limits are shown .. in Fag. 6. 

Those familiar with PROC REG will wonder how the t-ststistics were produced, after all, PROC REG does not include them in the OUTEST 
dats set. To do this, run a PROC REG on the original data and output the inveno of the XX matrix. Now for each X variable. multiply it in the 
dIdasIep by the square root of the appropriate diagonal of the inveno ofX'X. These transformed X values will produce a new inverse X'X matrix 
with 1's now on the diagonal, implying each t test is just the (new) coeflicient divided by _RMSE _. The PROBT tbnc1ion can be UBed on these 
to get the P-values necessaJY for Fig. 6. 
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UNDERSTANDING A TRANSFORMATION 
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From Fig. 6. you see that without transf'onnation all the terms in a fuD quadratic model arc at Icast close to significance. With a sqll8!C root 
transformation, only the crossproduct term is significant and just barely so. Evidently, a tlansformation can have an offect on the shape of the 
aapanse ibndion. FurIIlcr, it is f8irIy cammon advice to suggest that iCthe variance of your residuaiB goes up as the predicted value does, then you 
might consider a transformation such .. the logarithm. This is supposed to homogenize the variance, and it can also remove certain types of 
CIIIVBtIn &om the plot .. well. To understand the erect of a lnInsfonnation. you can view Figs. g and 9. Here PROC GID ha& been used to plot 
1be ballsfiltuling function, the logarithm in this case, and the ANNOTATE facility adds the original data, the tlansfonnecl data, and fitted curves. 
The two figures show diffemlt ROTATE and TILT perspectives. 
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A h oommcnls about1be codD am in onIcr. FJrSt. a small MACRO wu written 10 form a plus sign in the floor of the plot. As each point is tad 
info1be data act, 1beMACRO is invobd. n &imply uses MOVE and DRAW fimctions and small perturbations of two c:oordinatcS, X and Y. wbiIe 
selling 1be third coordinafII, Z, 10 1be minimum Z on the plot. Notice how this approach insures that the "horizontal" bar of the plus sign is really 
paraI1e1lo 1be appropriate axis, regardless of rotation and tilling. A simi\ar MACRO plots points on the left waD. 

You can _ that the original data, z versus X, plotted in the left wall. show a slight eurvaturc and cIefinite incRase in varianc:e as X increases. 
The p\oIIDd wrw is Z m EXP(Y) and so Y-In(Z). Take any point on the left wall. Move horizontally. perpendicular 10 the waU, until you bit the 
cumd surface. Then drop sbaightdown 101be floor. Doing this for each point yieJds a pIct of the transformed data, Y=1n(X) versus X in the tloor. 
The pIct is _like a straight line and the variance is _ unifonn. Fitting a straight line 10 the data in 1be floor, you can now back transform 
aD 1be poinlB on this line 10 get a fitted function, a curve, on the waD. Note that some authors suggest a bias adjustment when doing this based on 
1be fact that, ifZ - EXP(Y) then the mean ofZ is not EXP(Mu) but in fact is EXP(Mu+.S S') where S· is the error varianc:e and MIl the niean on 
the Y seale. 

CONCLUSION 

Statistical graphics arc useful not only for presenting data analyses. but also for understanding statistical principles. When used in conjunction 
with the powcrti.tl statisk:al analysis tools available in SAS software, graphics can provide very infonnative visualizalion capabilities. 
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