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Using the SAS System to Assess the Reliability of Gain Scores
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ABSTRACT

The eﬂ‘ed.cfpmwmliabﬂily,pw-tdtdiabﬂﬁy,pu-mdpm
corrclation, and changes in pre- and post-test variance on the reliability of gain
scmesisprwqﬁedyaphiuﬂy,wﬂhgahmmﬁabﬂitycompmaduﬁng
qidmldn&dvdﬁmasaisd‘mlowdieshasdmmcnw
model. Conditions where the gain score reliability may be sufficiently high
hmhm@&ﬁaﬂmaﬁw&midmﬁﬁedmdw
asareemvus:cmdi&ms,vmid:mpuhqasmmcmm,whmgain
merdiabﬂitymybewﬂicimﬂylmm@tojeqmrdizeinfm

INTRODUCTION

Aﬂcmdmthezismaybenoshnplu‘,ormenm,mposﬂcused
in educational measurement than the gain soore. Ask nearly educator what
mquﬁeindﬁefhuu@lmningmi@tbefas given situation, and
the respanse will quite likely inchude the improvement of a post-test score over
a pre-test score. Ask that same educator what she might estimate the
reliability of that gain score to be, and the response will most likely be
something on the arder of the reliabilities of the pre~ and post-test, perhaps an
average of the two, That respanse is very likely wrong.

Therdiabiﬁtyd‘gainmes,asﬂ:jeﬁthﬂissingﬂaﬂyintuﬁthgﬁma
historical perspective, has been the focus of some study and no little debate for
more than 4 decades beginning with Gulliksen (1950), contiouing with Lord
& Novick (1968), Cronbach & Fusby (1970), O'Comner (1972), Overall &
Woodard (1975), Linn & Shinde (1977), Zimmerman & Williams (1982) and
Rogosa & Willstt (1983), and more recently with Willett (1988), Humphreys
(1991, 1993), Zimmerman, Williams, & Zumbe (1993), Zimmerman (1994),
and Feld (1995). Using Classical True Score theory (Crocker & Algina,
1986), each of these studies explores in part the effect an gain score reliability
of pre-test reliability, post-test refiability, changes in reliability from proest
1o post-test, pre-iest and post-test correlation, changes in variance from pre-iest
10 post-test, and, finally, the use of true score estimates. )

The combined results of these studieshave shown that the reliability of gam
scor&eembemaniplﬂatedmbsmjally,:mlt.hgh situations where the
difference score is sufficiently relisble for the purposes of educaticnal
assessment, in situations where the relisbility is sufficiently low as 1o
emprmdseamdy,andinn:idde-gmdsﬂnaﬁmswhmtherdiabﬂhyis
questionable but perhaps sufficient. The factors that tend to increase the
peliability of gain scores are (1) mcreasing the reliability of the pre- and post-
tests, (2) increasing the reliability of the post-test over that of the pre-test, (3)
increasing the variznce of the post-test over that of the pretest, and (4)
reducing the correlation between the pre- and post-iest. As a result, the
reliabifity of gain scores has, across four decades, become well-imderstood,
and frequently derided, by psychometric specialists, though under what
conditicas the use of these scores may compromise the interpretation of 2
study will most likely continue to prompt substantial discussion. '

Measurement praciitioners, however, may not be as disposed to follow these
discussions, the algebraic manipulations, and the tables of estimated
relisbilities; their inverests, perhaps motivation, may lic elsenhere. Consider
for instance, the chair who st persuade her administration that an expensive
new writing cerriculum differentially improves writing scores beyond those
of the less-expensive traditional program, or the developer of m SAT
mmmmmwmmmmsm;bahmm
likely 10 consider an apalysis of gain scores. Indeed, there is pahaps no
measurement more “natural” than the gain score in situations such as these;
hence, it is essential for those who would assess 2 program using gain scores
toknow the conditians under which this measure of improvement is reliable,
and while it i vartainly ruethat other issues such as differential performance,
restriction of range, memorization,, and subject mortality probably present the
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measurement professional with problems greater than those presented by gain
score relishility, it is without question that if change is to be assessed and the
gain score has been chosen as a component of the assessent then factors that
control the behavior of gain scores and their effect of gain score reliability
nmst be understood well.

The web of relationships responsible for the reliability of gain scores, while
certainly not exhibiting the cotaplexity of some statistical frameworks such as
Ttem Response Theory or Generalizability Theory, can catainly present 4
datmting lezming curve to the practitioner who is in the process of planning
a@dywhneﬁemﬂyﬁsdgahmmddmdhﬁmﬁem
a reasongble undertaking.  However, to expect that practitioner, pezhaps
puz:dedbyalltheonmsiblyoantmﬁctorysmisﬁcaladvise,wsmﬂnwg:
the findings of a dozen of more research papers strewn through 45 years of
measumement joumals and texts is perhaps asking a bit much, especially when
the subject seems as irmocuous, indeed safe, as the simple difference of pre-
and post-test scores.

To bring into focus these relationships, to examine all the technical factors
that influence difference score reliability, and to examine the congrusncy of
the analytical definitions of gain score reliability with data derived under
tightly controlled circumstances and presented within a single arena wasthe
purpose of this research; and in doing so, we will be zble to present the
measuremsut professional with the tools necessary to determine whether or
not the difference score can be a meaningful companent of an educational
assessment.

METHODOLOGY

hankspmsenm(mT)waswedmprovidetheﬁmmmkfma series
of Monte-Carlo studies of classical relisbility; however, this is not an IRT
study. IRT aoly provides the context with which we model classical test
theoryto study the reliability of gain scores. Indeed, IRT provides nonction
of reliability within in the classical semse of the word, offering instead a
omstruct of test “information.” Beyond taking advantage of the high degree
of comrelation between total score, as defined by number of items correct, and
the latent IRT ability, which we use as an implicit proxy for the classical
“true” soore, these Mante-Cario studies are purely classical in nature,
affording the opportunity to manipulate the factors that influence gain score
reliability across ranges of vahues that would be difficult to obtain reliably
with “real” data.

The basis of this study was a 100 item Monte-Carlo test created using the 3-
parameter fiem Response Theary model. ~The vahues of the disczintination

were selected froun a stream of psendo-random numbers, ~N(1,0.3).
The values of the difficalty parameter were selected from a similar stream,
~}{(0,1). The values of the pseudo-gnessing parameter were selected from a
third stream, ~N(0.20,0.05). The probability that a subject would comectly
auswer on jtem was computed using the item parameters and the subject
ability, the later to be described in detail in the next section. Tomark the jtem
comrect or incorrect, a random number was drawn from a flat distribution
bounded by O and 1. I the probability of 2 commect response exceeded the
number chosen from the flat distribution, the item was coded as “correct;”
ctherwise, it was coded as “incarect.” The tota] score of a subject on thetest
was the number of items coded as correct.

Four streams of random oumbers, ~N(0.1), were drawn and manipulated to
provide estimates of subject IRT ability in four subject groups. The first
group provided the basis of all the subjedts in the study; the other three groups
were related to the first such that test-retest reliability and pre-test/posttest
correlation could be included, and Iater manipulated, in the sinmlation.

The IRT ahility of the second group was transformed such that it correlated
to the IRT ability of the first group. The correlation of test sooves between



Groups 1 and 2 provided the estimate of the test-retest reliability, and as

recovered the comelation of TRT ability, though with some reduction
Misduc(l)tothedidmtonﬁzﬁimnﬂhei&mmand@)mmenoise
mwmmmm«mﬁmhﬂmm

The IRT sbility of the third group was transformed such that it correlated to
the IRT ability of the first. The correlation between Groups 2 and 3 total
scares recovered the correlation between the IRT abilities, though with a
reducticn as seen between Groups 1 and 2, and provided the estimate of the
correlaticn between pre- and post-test.

ThemTabﬂityofthefmuﬁlgm:pwasumsﬁxmedssd:ﬂmtitméated
with the IRT ability of the third group. The correlation of the total scores
between Groups 3 and 4 provided an estimate of the test-retest reliability of
&cpmﬂa;aﬁnxnwuugmnmhvmhsumusm#undmﬁnmﬂwcumﬂdkn
of IRT abilities introduced between Groups 3 and 4.

These four groups provided two pair of matched subjects, Groups 1&3and
Gm:ps2&4.bawwuhidlghmcaﬂdbeounpsmd;&mmeprﬂa
rdiabﬂity,thepodﬁrc}iabﬂity,thecurdﬁcnbmprﬂﬁtmdpoa-
test, and finally the change jo variance from pre-est to posi-iest were

i to study the effects these have on the reliability of gain scores in
the context of empirical data.

The following SAS System code was used to perform these simulations.

$macro reliable;

%do repe=1 %to 3 %hy 1;
tdo xx=1 %to 11 ¥by 1;
%do xy=1 %to 11 %¥by 1;

data diffs;

array af160] al-alaQ;

array b{100] »b1-b100;

array c{100] <i-<l00;

array bx[1000] hxl-hx1000;
array hxp[1000] hxpl-hxpl000;
array hy{1000] hyl-hyloce;
array hyp[1000] hypi-hypl000;

keep tsx tesxp tey tayp difl difZ;
/* create item parameter vectors */

seedl = int(10000000*ranuni(0)});
do i = 1 to 100 by 1;

call rannor(seedi,alil):

ali] = ¢.30wa[i] + 1.0;

if afi] 1t 0.10 then alil = 0.10;
end;

seedl = int(10000000*ranuni(0)}):;
doi=1to 100 by 1;

call rannor(eeedl,biil};

bIil = 1.9*b{i] + 0.0;
end;

geedl = int(10000000*ranuni(0));
do i = 1 ko 100 by 1;

call rannor(seedl,clil);

ciil = 0.05*c[i] + 0.20;

if e{i] 1t 0 then <l[i] = ¢;
end;

/* create correlated subject thetas */

rix = (&ooe-1)/10;
rxy = (&xy-1)/10;
ryy = IXx;
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seadl = int (10000000*ranuni{0)):
doi = 1to 1000 by 1; )
call rannecr(seedl, hx{il);
end;
seadl = int (10000000%*ranuni (0));
do i = 1 to 1000 by 1;
call ranncr(peedl hxpli])};
hp[i] = oecvhx[i] + sqrt(l-raocvrxx) *hxp [i];
end;
geadl = int (10000000*ramumi(0)});
do i = 1 to 1000 by 1;
call rannor({seedl,bhylil);
hyli] = rxy*hx[i} + sgrt{l-rxy*rxy)*hylil;
hyiil = by{i] +90.25;
end;
peed]l = int (10000000=ranuni(0));
do i = 1 te 1000 by 1:
call rannor(seedl, hyp{il):
nypli] = ryy*hy[i] + egrt(l-ryy*ryy)*hyplil:
end;

peedl = int (10000000=ranuni(0)};
de i =1 to 1000 by 1;
tex 0;
caxp 0;
Cay 0;
tayp 0
de j = 1 to 100 by 1;
p=cljl+{i-c[31}/ ‘
(1+exp(-1.7*al3)*(kx[i] -b[i1)));
call ranuni (seedl,nocise);
if p gt noise then tax = tsx+l;
p=clil+{1-=[31)/
(l+expl-1.7*aljl* (g (il -b(i))));
call ranuni (seedl,noise) ;
if p gt noise then tsxp = texp+l;
p=c{jl+(1-c[31)/
(1+exp({-1.7*a[jl *(byli]-bIj1)}});
call ranuni (seedl,noise};
if p gt noiee then tsy = tey+l;
p=cl3il+(1-cljl1)/
{2 + exp{-1.7*alj]* (hyp[il-bI[i1})):
call ramuni (seedl, noise);
if p gt noiee then tsyp = tsyp+l;

and;

difl = tex - tsy;
dif2 = texp - tayp;
output ;

end;

run;

proc corr data=diffs nosimple pearson;
var difi;
with dif2;
run;

%end;
%end;
Yend;
$mend reliable;

filename rholst 'c:\papers\gainscer\reliable.lst';
filename rholog 'ec:\papers\gainscor\reliable.log';
proc printto print=srholst log=rhecleg new;
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un;
%reliable;
proc printte;
run;

DESCRIPTION OF MONTE-CARLO STUDIES

STUDY 1

This study, using 1000 subjects in each of the four groups, provided the
‘backekop for those to follow. The reliability of gain scores was examined as
a bivariste function of pre-test reliahility and pre-test/post-test oxwrelation.
Posttest relizbility was made equal to the pre-test reliability; the variances of
the pro-test andpost-test scores were alsoheld equal This simulation models
theuse of a standardized measure for both the pre- and posi-test. This study,
as those that follow, was replicated three times; little or no change was
observed acrossthe replicaticns.

STUDIES 2A AND 2B

These two siudies were the same as Study 1 except that in Study 2A the
reliability of the post-test was one-third less than that of the pre-test. That 15,
if the reliability of he pre-test was 0.7, then the reliability of the post-test was
0.7-0.713, or about 0.47. In Study 2B, the reliability of the post-test is one-
third greater than that of the pre-test, though it was computed slightly
differently 1o prevent reliabilities in excess of 1. For example, if the pre-test
reliability was 0.7, then the post-test reliability was 0.7 + (1-0.7)/3, ar 0.8,

STUDIES 3A AND 3B

These two studies were based on Study 1, except that the variance of the post-
test was allowed to change. In Stmdy 3A, the variance of the pre-test IRT
ability was held at about 1 while that of the post-test was reduced to about

0.75. In Study 3B, the variance of the post-test IRT ability was increased to
about 1.25 while that of the pre-test was still keld to about 1.

RESULTS OF THE STUDIES
STUDY 1

The resuits of Study 1, shown in Figure 1, are in keeping with the general
trends shown in Tabie 2 of Zimmerman (1994) which based on the equation

%Par + P} = PleTr\Po P
- Ty,

Ppp =

4]
developed to demansirate the effect of changes in pre- and post-test reliability
«<n gain score relisbility, A doser examination of the correspandence between
Zimmerman’s Table 1 and Figure 1 shows that the gain score reliabilities
estimated by the simmlation are slightly below those computed from the
preceding formmla, This is due to the slight loss of information incwred when
the IRT responses are dichotomized. However, the general trends are
congruent. The gain score reliability is increased (1) by improving the
reliability of the pre- and post-test, assumed equal in this simulation, and (2)
decreasing the correlation between the pre- and post-test scores.

STUDY 2A AND 2B

The results of these two studies also conformed to the resuits of Zimmerman
(1994) as expressed in Equation (1). That is, increasing the reliability of the
post-iest muproved the gain score reliability even in the case where the
reliability of the pre-test is zero, while a corresponding decrease in post-test
reliability depressed that of the gain score. As well, it can be seen from the
ispection of Equation (1) that it is the increase of either the pre-test reliability
or the post-test reliability, or both, that increases the gain score reliability, not
just the increase of the post-test reliability over that of the pre-test.
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For instance, compare the instance in Study (1) where the reliability of the
mou(mdgdm}vssppmdmﬂdy&?,themdaﬁmbdwmpm-md
posi-test was i y 0.5, and the resulting gain score reliability was
approﬁmﬂdyojsmmemmdhgmhsmdy(m)mme
reliability of the post-test anly was raised o approximately 0.8 and the
resulting gain score reliability increased slightly to approximately 0.6, a
improvement of sbout 0.05. Now consider the graph in Figure (1) wheve the
relisbility of bath pre~ and post-tests is 0.30; the resultant gain score
reliability is about 0,65, about twice the relative gain realized when only the
post-test is manipulated, and confirming the discussion of Feld (1995).

Latly, it is evident from Studies (2A) and (2B) that increasing the relisbility
of the post-test decreases, bt does pot remove, the reduction in gain score
reliability that is introduced by the correlaticn of the pre-and posi-test; and as
that cordation growstoward cne, the gain score relishility falls substantially
more slowly than In Study (1).

RESULTS OF STUDIES 3A AND 3B
The results of Studies (3A) and (3B) conformed to the trends set out in the

discussion of Feldt (1995) where the reliability of gain scores in the seting of
unequal varianoes for the pre- and post-tests was given in Lord (1963) by

oo - p,,(fz) . z,;{vylo 20,
s T Uy x

2
and where o, is the population covariance between the pre- and post-tesis in
that increasing the post-test variance over that of the predest generally
fmproves gain score relisbility. Also, the general trends established in Study
(1) are again readily apparent in this study.

Studies (3A) and (3B) also indicate that unequal variances between pre- ad
post-iests serve to redice the depression in gain score reliability that results
from pre- and postdest corelation; however, unequal variance does not
remove the trend shown in Figare (1), though there is evidence from the
compariscn of Figures (3A) and (3B) that increased variance, nat just a
change in variance, is important. For instance in the extreme case where pre-
and post-test comelation approached maity, there is evidence in Figure 3B to
sugged that the increase by 25 percent in post-test variance was sufficient to
provide a gain score reliability that approached 0.50; and while 0.5 isnot a
parti y high reliability as measures go, it is quite respectable for a gain
score reliability under the condition ofhighly comelated pre- and post-tests.

RESULTS OF FOLLOW-UP STUDY 4

The results of Studies (2B) and (3B) individually confirm that increasing
post-test refiability and varisnce mdividually result i improved gam score
religbility, a comparison of Figures (2B) aud (3B) suggests tha there may be
a differential effect, indicating that an increase in reliability of the post<esthas
a greater effect an gain score reliability than does an increase in posi-test
variance. To consider the combined effect, a follow-up stady was performed
in which the post4est reliability was increased a5 #t was in Sady (2B) while
the post-test variance was increased as it was in Study (3B). The results of
this fourth study are presented in Figure (4). The trends established in Study
(1) are repeated as expected; the general features of Study (2B) are
reproduced:; and, lasily, the general improvement in gain score reliability seen
m Study (3B) over Study (1) is seen. As expected from Equation (2), the
improvement in gain score seen Stndy (4) is generally a composite of the
improvements seen in Studies (2B) and (3B). For instance, consider the
eample where the correlation between the pre- and post-test scores is about
0.5 while thereliability of the pre-test is 0.7. The improvement in gain scores
seen in Studies (2B) and (3B) over Study (1) are 0.05 and 0.13, respectively,
Tn Study (4), the improvement in gain score relishility over that seen in Study
(1) is 0.15. However, it appears the Equation (2) consistently, if slightly,
under-estimates the gain score reliability i Study (4). For nstance consider
again the case of an estimated pre- and post-test comrelation of 0.5 and a pre-
test redishility of 0.7, Equation (2) gives pas 25 approximately 0.54, a bit less
than the value, 0.60, suggested i Figure (4).



There is akso evidenoe presented in Figure (4) to suggest that the effect of the
change in veriance on the gain score reliability in the presence of highly
comrelated pre- and post-tests is lost when the reliability of the post-iest is also
increased Given the overall “lifting” of gain score reliability seen when post-
test reliability is improved, it does not seem a tragic loss. The effect of the
incnease in post-test variance to improve gain score reliability was cnly seen
for highly correlated pre- and post-tests; it's influence was far Jess for the
fower comelgtions. Tncreasing the refiability of the post-test, however, resulted
i higher gain score reliabilities for every cther situation except where the pre-
and post-test correlation washigh.

IMPLICATIONS

The present study suggests that there are indeed conditions under which the
use of gain soores in assessment is perfectly acceptable, these conditions being
(1) good pre- and post-test reliability and (2) low pre- and post-test
correlation; however, these conditions may be more difficult to obtain than
may be expected, and may requirc some planning, if not a good deal of
serendipity, on the part of the researcher. For instance, if a gain score
reliability of at least 0.6 is deemed necessary and the pre- and post-test
reliability is approsdmately 0.7, then the correlation between pre- and post-iest
should net excceed approximately 0.3, and probably should be less, to provide
sufficiently high gain soore relishility. This may be difficult to achieve in the
case of a “weak” treatment, perhaps even in the case of a “strong” treatimnent.
Given that (1) hepretest and post-test should assess the same, perhaps single,
coguitive dimension and that (2) the substautive difference i the pre- and
past-test scores should be that the post-test reflects that the student has leamed
more along that one dimension, one would expect that the pre-test ad post-
test would share variance to a fair, pethaps high, degree, regardless of how
much additional leaming ocomred durmg the treatment, resulting in a
moderate to substantial cowrelation be pre- apd post-test scores.
Ukfortumately, this is the very circumstance that is likely to lead to difference
scores of poor reliability.

The preseat stady also suggests that increasing post-test reliability has a
differenttial fmpact on gain score reliability over increasing post-test variance,
though it certainly does not burt gain score reliability i both ocour as
discussed in Feldt (1995). However, if presented with the situation of being
able to increase post-test reliability even if such results in reduced post-test
variance, the practiticoer should take that step, as the mmprovement in gain
score reliability achieved by increasing the posi-test refiability is substantially
greater than the corresponding decrease in gain score reliability that results
from the decease in post-test variance, Of course, if the increase in post-dest
relishility imtroduces an increase in the correlation between pre- and post-iest,
then more study may be required; it could easily be the case thar the
improvement in. gain score reliability imtroduced by the increase in post-test
reliability is more than offset by the decrease in gain score reliability
simultaneously introduced by the mcrease in pre- and post-test cotrelation.

EPILOG

The findings of this research, while Moaote-Carlo in nature, are cextainly
applicable to“real world” situations where the consideration of the gam score
is anecessary companent of educational assessment. Indeed, the simulations
allow the consideration of situstions that may be difficult to achieve with real
data, one such example being the case of the pre- and post-test correlation
being moderate to low, and provide the measurement profissional with the
ability to anticipate the reliability of gain scores before actually committing
totheiruse, Aswell, the effects of various factors cn gain score reliability are
presented simultaneously, allowing for the direct comparison of differences.
In closing while this paper represents an empirical stedy of thepsychometric
properties of gain scores, and by no means represents a study of appropriate
measures of gain, it is reasanable 2t this point to reflect upon the vse of the
gain score as a measure of change in general and leaming in specific.
Arguments for the importance of the assessment of change abound, (Linn,
1981; Ewell, 1984; Nuttall, 1985; and Astin, 1987) and arguments for the
uscfulness of gain scores as measures of educational i are
numerous (Astin & Ewell, 1985; and McMillan, 1988). Indeed, if ane
assumes that the Lest scores are unbiased estimators of ability or knowledge,
then the difference between the two shounid be an equally unbinsed estimator
of change regardless of the issues embedded within reliability; however, the
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M&mmmbwmmm(&mbm&
Furby, 1970; Overall & Woodard, 1975; Warren, 1984; and Pike, 1992), -
thaugh perhaps overstated in Cronbach & Fusby (1970, p. 78) who write:
“There appmmbennneedtousemmsdchmgeasdqlmdmt
variables and no virtue in using them.”

Pethapsthe issue should tum from the reliability of gain scores to the validity
of gan scores. One does not need to dig very deeply into the assessment
literature, performance, authentic, portfolio, or otherwise, to find that single
measures of change ave rarely considered appropriate; composites built from
mnltiple sources are prefered.  For instance, candidates for Hoensure i
teaching are often assessed cn a variety of dimensions, some oblique, same
anthogenal, all appropriste to the domain, generaling individual scores along
those single dimensicns that lead to 2 presumably more stable compesite score
that is derived according to a well-established plan. However, it is probably
unwise, as Bond (1995) discusses, to assume that a more coplex score will
be inheremly more fzir than the companents; indeed, all the issues associated
assessment. Test bias, differential validity, differential reliability have nat
‘bean banished from the realm; rather, they are just more difficult to detect, and
tothat end, it is essential that properties of the companents of composites are
well-understood,
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